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A B S T R A C T
Neuronal activity evokes a localised increase in cerebral blood flow (CBF) in a response known
as neurovascular coupling (NVC). This response is achieved through communication between
neurons, astrocytes and vascular cells, together comprising a neurovascular unit (NVU). Impaired
NVC is associated with several pathological conditions such as Alzheimer’s disease, stroke, and
cortical spreading depression (CSD). Although NVC has been widely studied the inner workings
and signalling pathways of the brain have yet to be fully elucidated. Mathematical models provide
an alternative and complementary method of research, working in tandem with physical exper-
iments and providing a deeper understanding of experimental results as well as guiding future
experiments.
This thesis details the extension of a foundational biophysical model of a single NVU with
multiple new pathways and compartments allowing for the simulation of both normal and im-
paired NVC. The single NVU model was first extended with the nitric oxide (NO) pathway, the
glutamate induced astrocytic calcium (Ca2+) pathway with epoxyeicosatrienoic acid (EET) sig-
nalling, and the stretch dependent transient receptor potential vanniloid-related 4 (TRPV4) Ca2+
channel on the astrocytic endfoot. It was found that the potassium (K+) pathway governs the fast
onset of vasodilation while the NO pathway has a delayed response. Increases in astrocytic Ca2+
concentration to levels consistent with experimental data were insufficient for inducing either vas-
odilation or constriction, in contrast to a number of experimental results. However astrocytic Ca2+
was shown to strengthen K+ induced NVC by further opening the big potassium (BK) channel on
the astrocytic endfoot.
The model was then extended with a complex neuron submodel and the blood-oxygen-level de-
pendent (BOLD) response, allowing for model validation through comparison with experimental
data. The change in CBF due to neural activity in the model showed good agreement with experi-
mental data obtained from the rat barrel cortex. When using an experimental neural input profile,
the model compared well for short stimuli but was unable to replicate the double maximum of the
experimental CBF profile for longer periods. An additional pathway through the locus coeruleus
vii
contents
(LC) (on a purely phenomenological basis) provided a better comparison with experimental data,
further showing that there exist numerous signalling pathways in the NVC process.
The NVU model was then embedded in a large two dimensional (2D) cerebral tissue slice model
with a coupled vascular tree, solved in a parallel environment using high performance comput-
ing. The tissue slice model was first extended with extracellular Fickian K+ diffusion, allowing
for direct communication between adjacent NVUs. It was found that a localised neuronal stimu-
lation resulted in vasodilation with a decreasing gradient in vessel radius from the stimulated to
non-stimulated area. During vasomotion there was emergent behaviour in the form of waves of
increased vessel radius moving towards the stimulated area. This indicates that communication
within the tissue via extracellular ion diffusion has a much greater effect than communication
solely through the vascular tree.
Extracellular ion electrodiffusion and an astrocytic gap junction network were added to allow
further communication throughout the tissue. It was found that under pathological CSD condi-
tions, K+ waves could propagate radially outwards from a stimulated area with a wave of vasocon-
striction followed by slight vasodilation comparing well with murine experiments. Extracellular
Fickian diffusion was insufficient for allowing a wave to propagate. An astrocytic gap junction
network reduced the duration of the vasoconstrictive wave and the area initially affected. This
indicates that communication throughout the extracellular space (ECS) is necessary in the model
for allowing a CSD wave to propagate, whereas the communication through the astrocytic gap
junction network regulates the vascular response.
The flat 2D tissue slice model could simulate the smooth cortex of murine animals but could
not take into account the highly folded nature of the human cortex. The model was extended
with a spatial Gaussian curvature mapping which allowed for investigation into how the surface
curvature affects the propagation of CSD waves throughout the tissue. It was found that for a
surface with spatially varied curvature comparable to a section of human cortex, areas of posit-
ive Gaussian curvature inhibited wave propagation due to decreased extracellular diffusion rate,
whereas areas of negative curvature promoted propagation. CSD was observed travelling as wave
segments (as opposed to radial waves on a flat surface), providing some insight into the differences
seen between human and animal experiments.
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I N T R O D U C T I O N
1.1 the brain
The brain is arguably the most complex and sophisticated organ in the body. It critically relies on
the supply of both oxygen (O2) and glucose via the perfusion of blood throughout the cerebral
tissue, using 20% of all O2 taken in by the body despite comprising only 2% of the total human
body mass [176]. The physiological purpose of the brain is to control the other organs in the body,
achieved by generating patterns of muscle activity and releasing hormones. The brain can be
divided into three main components: the cerebrum, the cerebellum, and the brainstem comprised
of the pons, medulla and midbrain (see Figure 1). The largest and most advanced part is the
cerebrum, forming two hemispheres connected by over 200 million neural fibres.
The cerebral cortex forms the outer layer of the cerebrum and is found only in mammals. Based
on cortical folding, mammals can be divided into two groups: those with lissencephalic brains
where the cortical surface is smooth (such as small rodents), and those with gyrencephalic brains
(such as primates, in particular humans) where the cortex is tightly folded forming ridges (gyri)
and grooves or valleys (sulci). These folds allow for a greater surface area whilst maintaining a
manageable volume within the skull [149, 156]. The level of gyrification (folding) is dependent on
species, though it is largely correlated with brain size [156].
1.1.1 Brain tissue composition
The brain tissue is primarily comprised of neurons and glial cells. Cells are basic structural units
consisting of the membrane, the cytoplasm, and organelles such as the nucleus, mitochondria, and
endoplasmic reticulum (ER). The membrane separates the inside of the cell from the external envir-
onment and acts as a capacitor as it can support a potential difference (the so called "membrane





Figure 1: Main components of the human brain. Adapted from Wikimedia Commons1
1https://commons.wikimedia.org
fluid containing a complex mixture of substances such as ions and molecules dissolved in water,
and makes up the bulk of the cell. The mitochondria utilise O2 and glucose to generate energy
for the cell in the form of adenosine triphosphate (ATP), a complex chemical required in many
biological processes. The ER has a wide range of functions depending on the specific cell type;
one such function in vascular cells is to act as an internal store of ions such as calcium (Ca2+).
Cells can transport ions or other molecules from the cytosol through channels, pumps or gap
junctions. Channels are membrane proteins with selective permeability that allow ions to pass
through according to their electrochemical gradient (or concentration gradient for non charged
molecules). Pumps move ions or molecules against their concentration gradient through active
transport, primarily using ATP as an energy source. Channels and pumps can be gated by voltage
(membrane potential), ion concentration, and mechanical stretch among others. Gap junctions
are specialised intercellular connections which directly connect the cytosol of two cells, allowing
various ions or molecules to pass through.
1.1.1.1 Neurons
A human brain contains approximately 100 billion neurons which are connected to one another via
synapses. These connections form neural pathways and circuits, capable of sending and receiving
information within, to and from the brain.
A neuron consists of a cell body (soma), dendrites and an axon. The dendrites are thin processes
extending from the soma, often for hundreds of micrometres. Most neurons receive signals from
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other neurons via the dendrites, and send signals via the axon, a single process that can extend
up to 1 metre in humans or even further in other species.
Neurons are electrically excitable due to the difference in intracellular and extracellular ion
concentrations, maintained primarily by ATP driven ion pumps. This allows for inter-cell commu-
nication via electrical impulses known as action potentials. An action potential is generated when
the membrane potential changes by a large enough amount, and this change propagates rapidly
along the neuron’s axon and reaches the synapse. If the synapse is chemical (the most abundant
type) the axon releases neurotransmitters to communicate with other cells through binding to
postsynaptic receptors [148]. The other type of synapse is electrical and is not considered further
in this research.
1.1.1.2 Astrocytes
Glial cells known as astrocytes were originally thought to be passive cells whose main function
was to provide structural support for neurons, however it is now known that astrocytes play a key
role in maintaining the neuronal environment [107, 167]. Astrocytes are star shaped cells with long
processes and are the most abundant form of glial cells, occupying between 25% to 50% of the brain
volume. The astrocytic processes surround neuronal synapses, astrocytic synapses, and vascular
smooth muscle cells (SMCs). One important function of astrocytes is the buffering of extracellular
ions and other neurotransmitters. In particular, astrocytes are able to take potassium (K+) from the
extracellular space (ECS) and various synapses and transport this K+ to the processes surrounding
the vasculature. The K+ is then released from the astrocytic processes and subsequently taken up
by the SMCs of the perfusing arteriole.
1.2 the circulatory system
The primary function of the circulatory system is to provide nutrients to cells in need. There
are four main arteries (two pairs of internal carotid arteries and vertebral arteries) supplying
oxygenated blood and glucose to the brain. These arteries have thick muscular walls to facilitate
rapid blood flow under high pressure. Pial arteries (200− 1000 µm wide [12]) lie on the cerebral
surface within the subarachnoid space, from which penetrating arteries (100− 400 µm wide [119])
enter the brain tissue perpendicular to the surface (see Figure 2). These arteries then branch into
smaller arterioles (5 − 100 µm wide [141]) which are surrounded by the endfeet of astrocytic
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processes and contain a thin layer of SMCs lining the cell wall. The arterioles then terminate as
capillaries (5− 10 µm wide [141]) which have very thin walls to allow for the exchange of nutrients
between the vasculature and the tissue. After the blood has perfused the tissue it is collected by
venules and transported back to the heart via progressively larger veins in order to remove carbon
dioxide and metabolic waste products. The research presented in this thesis is focussed primarily










Figure 2: The cerebral vasculature. Pial arteries lie on the surface of the brain, from which penetrating
arterioles enter the brain tissue at right angles. Arterioles and capillaries perfuse the tissue, and
astrocytic processes surround the arterioles. Adapted from Zlokovic [176].
1.2.1 Vascular cells
The outer layer of the arteriole is comprised of a thin layer of SMCs, cells which act as the con-
tractile units of the vessel. The SMCs are aligned in the circumferential direction and are able to
contract and relax via actin-myosin cross bridge formation in order to vary the diameter of the
arteriole. This contraction is involuntary and is primarily dependent on the intracellular Ca2+ con-
centration in the SMC. The Ca2+ interacts with calmodulin, a Ca2+ binding messenger protein,
and stimulates the phosphorylation of the myosin light chain kinase (MLC) causing muscular con-
traction [80, 175]. The capillaries do not contain SMCs; instead any change in capillary diameter is
passive and the rate of blood flow is controlled by the upstream arterioles. SMCs contain a specific




The inner layer of the arteriole is comprised of a single layer of ECs. These cells line the entire
circulatory system and their primary function is to prevent diffusion of large molecules, while
smaller molecules such as O2 can pass through. These cells can also detect changes in wall shear
stress (WSS) induced by blood flow, which can affect the production rate of ATP and the messenger
molecule inositol trisphosphate (IP3) [5]. Together with SMC these cells form the blood brain
barrier (BBB), a highly selective semi-permeable barrier that protects the brain from unwanted
chemical substances in the blood. Finally, the vessel interior is called the lumen; this is the space
through which blood flows.
1.3 neurovascular coupling
The cerebral cortex contains a multitude of blood vessels that regulate blood supply in response
to local changes in a process known as functional hyperaemia. This process is characterised by
an increase in neuronal activity followed by a rapid dilation of local blood vessels. This leads
to increased blood supply providing O2 and glucose to cells in need, under the assumption of
constant systemic pressure.
The study of functional hyperaemia began over a century ago with the work of Roy and Sher-
rington [152], although the exact cellular and chemical pathways involved in this process are still
unknown. Initially it was believed that an increase in cerebral blood flow (CBF) was triggered by
a metabolic signal such as lower O2 or higher carbon dioxide (CO2) levels in the blood. However
investigations over the last few decades have indicated that functional hyperaemia is controlled
through the process of neurovascular coupling (NVC), an intercellular communication system
based on ion exchange through pumps and channels between neurons, astrocytes, SMCs, ECs,
and the spaces between these cells: the synaptic cleft (SC) between the neuron and astrocyte,
and the perivascular space (PVS) between the astrocyte and SMC [50, 5, 83, 95]. In addition,
the ECS surrounding the cells of the neurovascular unit (NVU) comprises approximately 20% of
the cerebral tissue [164]. Diffusion of various substances in the ECS play an important role in
both functional intercellular communication and during pathological conditions such as cortical
spreading depression (CSD) [99, 26]. Together these components comprise a NVU, see Figure 3.
The exchange of ions contribute to changes in ionic concentrations (both intra- and extracellular)

















    space
Figure 3: A schematic representation of the neurovascular unit (NVU). Communication between these cells
controls the process of neurovascular coupling (NVC).
The process of NVC begins with the release of K+ and the neurotransmitter glutamate into the
SC and ECS due to neuronal activity, initiating multiple pathways. The first major well known
pathway is via K+. During neural activity K+ is released from the neuron into the ECS and SC.
This K+ is taken up by the astrocyte and extruded into the PVS, causing further release of K+
from the adjacent SMC and hyperpolarisation of the SMC membrane. This leads to decreased
Ca2+ concentration in the SMC and hence SMC relaxation, dilating the arteriole and resulting in
increased blood flow [5, 59, 130].
The second major pathway is via nitric oxide (NO), a potent cerebral vasodilator. Synaptic
glutamate causes an increase in neuronal NO production, and this NO can diffuse to the SMC
where it leads to SMC relaxation and increased blood flow [47]. It should be noted that there are
other mechanisms present for which NVC is thought to be achieved. One such mechanism is via
pericytes, contractile cells that wrap around capillaries and are thought by some to be the primary
method for vasodilation during NVC. However as shown in the papers of Hall et al. [81] and Hill
et al. [89] there is still some controversy concerning the role of pericytes. Another well known
mechanism for NVC is the astrocytic Ca2+ pathway, which is initiated by glutamate and results
in the opening of the astrocytic big potassium (BK) channel. However, as with pericytes, there
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are conflicting views on the importance of this pathway in the literature [7]. The astrocytic Ca2+
pathway is discussed further in Chapter 4.
1.4 cortical spreading depression
CSD is the occurrence of slowly propagating waves (travelling between 1− 10 mm min−1 [18])
of high extracellular K+ concentration (over 30 − 50 mM) and neuronal depolarisation in the
grey matter of various species [115]. It typically arises in metabolically compromised tissue as
in ischemia [49] and is associated with several neurological disorders such as migraine, traumatic
brain injury, Alzheimer’s disease, stroke, and hypertension [69, 158, 114, 27]. Cell damage or death
during ischemia results in reduced supply of O2 and glucose to brain cells [94]. This decreases ATP
production and leads to the failure of the neuronal Na+/K+ ATPase pump, which in turn leads
to increased extracellular K+ levels, elevated neuronal sodium (Na+) concentration, cell swelling,
and neuronal depolarisation [54]. In these conditions a decrease in CBF is often observed followed
by a slight increase and slow return to the baseline [30, 161]. These waves of depolarisation are
then followed by a short period of neuronal inactivity.
1.5 motivation
Impaired NVC resulting in reduced blood supply to brain tissue is associated with several patho-
logical conditions such as Alzheimer’s disease, atherosclerosis, stroke, hypertension, traumatic
brain injury, and CSD [14, 69, 114, 146, 176]. These pathologies all begin with an altered relation-
ship between neural activity and the CBF. These alterations limit the delivery of crucial nutrients
such as O2 and glucose, and impair the removal of waste metabolic products such as CO2 [175].
Reduced flow to areas in need can result in chronic brain injury associated with cognitive impair-
ment, whereas complete interruption of CBF for more than a few minutes (as can occur during
stroke) leads to severe brain damage and possible death [96].
While research into the brain has increased the collective understanding over the years, the inner
workings and signalling pathways of the brain have yet to be elucidated. Mathematical models
provide an alternative and complementary method of research, working in tandem with in vivo
or in vitro experiments. Numerical models consist of a set of equations with parameters based
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on experimental data sets. The output of these models can be validated through experimental
comparison, and new results are produced which can provide insight into physical experiments
and guide future experiments. This method is non-invasive and allows for novel experiments by
measuring certain quantities or isolating specific pathways which are either difficult or impossible
in the wet-lab. This provides clinicians and physiologists with an experimentally validated test-
bed.
This research aims to move towards a numerical model of the regulated blood supply perfusing
the cerebral cortex, including the complex cell to cell signalling both within the single NVU and
the entire brain tissue. Simulation results provide a non-invasive means for investigating NVC,
overcoming some of the limitations of physical experiments. The goal of the model is to obtain a
better understanding of the various processes involved in NVC, and in particular the methods of
communication and various pathways in the brain during normal and impaired NVC. The long
term objective of this work is to further understanding of the causes, symptoms and effects of
degenerative diseases and pathogenic conditions in the brain.
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M E T H O D O L O G Y: M AT H E M AT I C A L M O D E L L I N G A N D
N E U R O VA S C U L A R C O U P L I N G M O D E L S
In this chapter the experimental methods used to measure neurovascular coupling (NVC) are de-
tailed, followed by the limitations encountered in physical experiments. Next is a brief overview
of mathematical modelling (cell modelling in particular) and the various concepts used to con-
struct model equations (such as mass conservation and Kirchhoff’s Law). This is followed by a
review of relevant existing cell models. Lastly the foundation neurovascular unit (NVU) model of
Dormanns et al. [48] is described as well as the large scale NVC model of Dormanns et al. [46]
and its implementation; these foundation models are later extended throughout this thesis.
2.1 experimental methods
2.1.1 fMRI BOLD response
Functional magnetic resonance imaging (fMRI) is a widely used non-invasive imaging technique
that measures brain activity by detecting changes associated with blood flow. The most common
form of fMRI uses the blood-oxygen-level dependent (BOLD) response. This technique relies on
the fact that, under normal circumstances, brain activity is closely followed by a localised increase
in blood flow (i.e. NVC). The change in blood flow causes an increase in the relative levels of
oxyhemoglobin and decrease in the levels of deoxyhemoglobin, where hemoglobin is the iron-
containing protein that transports oxygen (O2) in red blood cells. These proteins can be detected
as deoxyhemoglobin is paramagnetic (weakly attracted to magnetic fields) and oxyhemoglobin




In physical experiments, blood perfusion can be measured using optical reflectance imaging [30],
cell membrane potential can be measured using voltage clamping techniques [144], and changes in
intracellular concentration of ions such as calcium (Ca2+), potassium (K+) or sodium (Na+) can
be estimated using fluorescent indicators [120, 150]. However there are important experimental
variables that are either difficult or impossible to measure. These include ion concentrations in the
internal stores of cells (e.g. the endoplasmic reticulum (ER) or sarcoplasmic reticulum (SR) in the
endothelial cell (EC) and smooth muscle cell (SMC) respectively), the open probability of certain
channels on a cell membrane, or the flux of a certain species through a channel or pump.
Both in vitro and in vivo experiments have certain limitations. In vitro procedures are widely
performed on both animal and human tissue (for example, single cells or brain slices) but these
are not fully representative of human physiology as the cells are treated outside of their “natural”
environment (e.g. no surrounding tissue, vasculature providing nutrients through blood flow, or
neighbouring cell network).
The majority of in vivo experiments are performed on animals rather than humans, primarily
due to the obvious ethical limitations. However, the results of these animal experiments may
not accurately predict the behaviour of humans [154]. In addition, these in vivo experiments are
generally performed when the animal is sedated, potentially leading to skewed results due to the
effects of anaesthesia on cell dynamics [66].
2.2 mathematical modelling
Numerical models of blood regulation provide insight into the interaction of the cellular-level
and macro-scale phenomena studied in silico, a term referring to computer simulations of the
dynamics of complex biological systems as opposed to in vivo or in vitro experimental studies.
These in silico simulations can be a useful tool for guiding future experiments and providing a
deeper understanding of physiological processes. Mathematical modelling provides a number of
key benefits, in particular the ability to measure quantities and isolate signalling pathways that
are difficult or impossible to implement in a wet lab environment.
Cells and spatial domains such as the neuron or synaptic cleft (SC) can be represented as single
compartments. Complex models may consider the difference in species concentration or other
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variables throughout the compartment, such as the electrodiffusive model for astrocytic and neur-
onal ion concentrations by Halnes et al. [82] or the arterial blood flow model of Chakravarty and
Sannigrahi [24]. However most mathematical models are assembled using a lumped parameter ap-
proach. This means that the distribution of various species inside the compartment is considered
to be homogeneous, and any spatial gradients within the compartment are negligible. Hence at
any point in time there is a single value for each variable in each compartment; this simplifies the
mathematical description of the physiological processes considerably.
2.2.1 Ordinary differential equations
The main variables of a physiological cell model are molecular concentrations and cell membrane
potential. Molecular concentration is measured in molar (denoted ’M’) and describes the amount
of a substance per volume within a compartment. The membrane potential is usually measured in
millivolts (denoted ’mV’). The changing behaviour of a variable as a function of time is described
by an ordinary differential equation (ODE).
2.2.1.1 Mass conservation
The ODEs of a cell model are primarily based on two concepts: mass conservation and Kirchhoff’s
law. Mass conservation implies that the rate of change of a certain species is equal to the flux
entering (Jin) minus the flux leaving the compartment (Jout). For a species concentration c this






(Jin − Jout) + other terms, (2.1)
where VRio is the volume ratio of the inner compartment to the outer compartment (usually the
extracellular space (ECS)), and the other terms can be production, reaction or degradation terms.
2.2.1.2 Kirchhoff’s Law
Kirchhoff’s law states that the sum of all currents into any junction is zero; this implies that the










(Vm − Eion) , (2.2)
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where gion is the ion conductance, Cm is the cell capacitance, and Eion is the ionic Nernst po-
tential: the equilibrium potential at which there is no net flow of that particular ion through the
membrane.
2.2.1.3 Open probability of ion channels
Ion channels may open and close in response to voltage (membrane potential), ion concentration,
and mechanical stretch among others. The average open/close state (where 1 denotes open and







(w∞ −w) , (2.3)
where w∞ is the equilibrium state open probability and the time constant τw is a characteristic
time scale indicating how long w takes to approach w∞. These two terms can be functions of other
variables which depends on how the specific ion channel is gated (e.g. membrane potential Vm,
ion concentration c etc.).
2.3 existing cell models
There exist a wide variety of models describing one or more cellular compartments of the NVU,
however very few models describe the full NVU including the neuron, astrocyte and vascular
cells.
Chang et al. [26] developed a mathematical model containing neuronal soma/axon, dendrite,
and ECS components. The purpose of this model was to study the effects of perfusion and hypoxia
on cortical spreading depression (CSD) and was implemented as a one dimensional (1D) model
simulating a row of cells. They used a neuron model based on Kager et al. [99] and were able to
simulate neuronal depolarisation and high extracellular K+ levels that occur during CSD. They
were also able to simulate the resulting vasoconstriction and O2 depletion. However the vascular
submodel was comprised of a single ODE for vessel radius dependent solely on extracellular K+
concentration. Hence they did not include the full NVU system with astrocytes, SMCs, ECs or the
myosin-actin wall mechanics.
There are a variety of models detailing only the neuron/astrocyte subsystem [137, 140, 94, 35]
while excluding the vascular dynamics of the NVU. As an example, the mathematical model of
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Østby et al. [137] is composed of neuron, astrocyte, and extraneural space compartments. They
investigated the phenomenon of extracellular space shrinkage during neuronal activity, as a result
of K+ clearance followed by osmotically driven water uptake by the astrocyte. The model of
Conte et al. [35] is also composed of neuron, astrocyte, and ECS compartments. The purpose of
their model was to explore the mechanisms responsible for the initiation and propagation of CSD
and focussed on the role of extracellular K+ and glutamate.
Finally, in order to model spatial phenomena such as CSD these cell models can be extended
into one or two dimensions. There are many 1D models simulating a row or array of cells [26, 94,
135, 35], however two dimensional (2D) models simulating the dynamics of the brain are mostly
limited to simple reaction-diffusion systems with few variables [108].
2.4 foundation nvu model
In this research the mathematical model of a NVU developed by Dormanns et al. [48] is extended.
This model is originally based on Farr and David [56] and is able to model the entire NVC process,
but did not include the complex neuron/ECS dynamics necessary for modelling pathologies such
as CSD. It is based on three existing models: the astrocyte/SC submodel describes the crucial
biochemical processes within the astrocyte, based on Østby et al. [137] and reviewed by Donk
and Kock [44]; the SMC/EC submodel describes the behaviour and main ion fluxes within the
vascular cells and is based on the model of Koenigsberger et al. [111]; finally the wall mechanics
submodel describes the relationship between the cytosolic Ca2+ concentration in the SMC and
the contraction and dilation of the SMC by myosin phosphorylation and cross bridge formation,
based on the models of Hai and Murphy [80] and Kelvin Voigt [17].
The experimentally validated NVU model by Dormanns et al. [48] consists of several basic
compartments: the neuron, astrocyte, SMC, SR, EC, ER, the SC between the neuron and astrocyte,
the perivascular space (PVS) between the astrocyte and SMC, and the lumen.
These compartments are represented in the model by different subdomains, assembled using
a lumped parameter approach where spatial variation within each compartment is negligible.
These subdomains are assumed to have differing volumes and contain a number of homotypic
cells; however, they are each considered to be an aggregate of cells and therefore act as a single
entity. Each compartment contains various channels allowing for the transport of ions such as K+
and Ca2+, and messenger molecules such as inositol trisphosphate (IP3), detailed by ODEs. Other
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equations detail cell membrane potentials, the open probability and gating variables of various
channels, the actin-myosin cross bridge dynamics describing the vessel wall mechanics, and the
vessel radius. The model contains what are believed to be the crucial components of NVC but
allows for the inclusion of additional pathways.
A schematic diagram of this NVU model is found in Figure 4. For a full list of all equations
and parameters of this model see Appendix A.3. In this model, during neuronal stimulation K+
is released into the SC, leading to an influx of K+ into the astrocyte via Na+/K+ pumps on
astrocytic processes adjacent to the SC. Consequently the astrocyte depolarises, leading to a large
K+ efflux into the PVS through the big potassium (BK) channel on the astrocytic endfoot [33]. The
rise in perivascular K+ concentration leads to a further influx of K+ through the inward rectifying
K+ (KIR) channel from the SMC into the PVS, hyperpolarising the SMC membrane. As a result
the voltage operated Ca2+ channels (VOCCs) on the SMC close, preventing an influx of Ca2+.
The decrease in Ca2+ concentration causes a decrease in the rate constants K1 and K6 for the
phosphorylation of free and attached cross bridges, respectively. Overall the change in the actin-
myosin cross bridge formation relaxes the SMC, dilating the vessel which results in increased
blood flow. This K+ induced NVC pathway is well known [5, 59, 130]. There are other signalling
pathways present in NVC such as the nitric oxide (NO) pathway and astrocytic Ca2+ pathway,
however the focus of this model was primarily to investigate the K+ dynamics during NVC.
The flow of blood through the lumen provides convection of agonists such as adenosine triphos-
phate (ATP). ATP activates the purinergic G protein-coupled (P2Y) receptors on the luminal side
of the ECs, providing an IP3 signalling pathway via the membrane bound enzyme phospholipase-
C (PLC) [101]. In the model this is simulated via a constant flux of IP3 into the EC termed JPLC
and has a qualitative effect on the dynamics of the NVU (see Figure 5). JPLC invokes an increase
in the IP3 concentration in the EC and hence the SMC through EC-SMC coupling. The high IP3
concentration in the SMC causes a greater influx of Ca2+ into the cytosol from the SR through the
IP3 receptor (IP3R) channel. At the resting state (i.e. with no neuronal stimulation), for JPLC values
in the range of 0.25 to 0.5 µMs−1 the additional flux of IP3 from the EC into the SMC induces the
Ca2+ in the SMC (and other variables such as the vessel radius) to oscillate, causing vasomotion
[48]. In the activated state (i.e. when the NVU is neuronally stimulated) the radius increases for
low levels of JPLC and the oscillatory area shifts to the right. The oscillatory area is bordered
by two supercritical Hopf bifurcations (black square) where the stable state (solid line) becomes
unstable (dashed line) and generates a set of periodic orbits corresponding to oscillations.
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Figure 4: A schematic representation of the foundation NVU model of Dormanns et al. [48]. NE: neuron,
SC: synaptic cleft, AC: astrocyte, PVS: perivascular space, SMC: smooth muscle cell, SR: sarcoplas-
mic reticulum, EC: endothelial cell, ER: endoplasmic reticulum, LU: lumen. K1 to K7: wall mech-
anics reaction rate constants, M: free nonphosphorylated cross bridges, Mp: free phosphorylated
cross bridges, AMp: attached phosphorylated cross bridges, AM: attached dephosphorylated latch
bridges, KIR: inwardly rectifying potassium channel, BK: large conductance potassium channel,
VOCC: voltage operated calcium channel, CICR: calcium induced calcium release channel, JPLC:
phospholipase-C dependent IP3 flux. Adapted from Dormanns et al. [48].
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Figure 5: Radius bifurcation diagram for varied JPLC denoting the magnitude of the IP3 flux into the EC
as a result of luminal agonists such as ATP. As JPLC increases the vessel radius decreases, for
JPLC between 0.25 to 0.5 µMs−1 the radius oscillates in the resting state, and for JPLC between
0.28 to 0.56 µMs−1 the radius oscillates in the activated state. Blue: resting state, red: activated
(neuronally stimulated) state. Solid line: stable state, dashed line: unstable state, black square:
supercritical Hopf bifurcation. Adapted from Dormanns [45].
2.4.1 Tissue slice model
The blood supply within the cerebral cortex begins at the pial arteries, bifurcating inwards with
penetrating arteries which eventually perfuse the capillary bed. Therefore the cerebral vasculature
can be thought of as a bifurcating tree of blood vessels comprising up to 20 or more bifurcation
levels, corresponding to millions of vessels in the tree [65]. Variation in vessel resistance can modify
blood flow in a highly localised manner. Due to the connectivity of the tree a change in resistance
of one blood vessel can result in a change in local pressure (and hence blood flow) throughout the
vascular tree [46].
The single NVU model of Dormanns et al. [48] has been implemented on the macro scale as
described by Dormanns et al. [46] via a space filling binary H-tree simulating a perfusing arterial
tree (vasculature). The H-tree is a tree of blood vessels which repeatedly bifurcate from a root
vessel into vessels with smaller radius and shorter length. This vascular tree is coupled to a 2D
slice comprised of tissue blocks with each block corresponding to a single NVU. The leaves of
the vascular H-tree are each coupled with a corresponding NVU block via stretch-activated Ca2+
channels in the SMC and EC that depend on the vascular blood pressure. Figure 6 gives an
overview of the macro scale model.
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2.4.2 Vascular tree model
The bifurcating H-tree contains the radius, conductance (reciprocal of resistance), blood flow for
each branch, and dynamic pressure at each internal node. At each bifurcation, the radius r of the
daughter vessels is a factor of
√
2 of the radius of the parent, while the length l is divided by 2
every second bifurcation. These scalings are within the biologically realistic limits described by
the binary tree algorithm of Ottesen et al. [139]. The radius is non-dimensionalised with respect to
a characteristic arteriolar radius of 20 µm and the length with respect to a characteristic length of
200 µm. The radii are only dynamic at the leaves of the tree and are determined by the dynamics
of the corresponding coupled NVU within the tissue slice and the pressure drop over the leaf.
Because most of the systemic pressure drop occurs over the small arterioles, the leaves of the
tree have their pressure fixed at a constant capillary bed pressure pcap. The pressure at the root of
the tree is set at a (possibly) time dependent p0(t) (Figure 7), however in the following simulations
p0(t) is constant.
The structure of an H-tree of N levels is represented as a directed graph via an m×n adjacency
matrix A where m is the number of internal nodes not including the leaves (m = 2N−1 − 1) and
n is the number of edges/vessels (n = 2N − 1). The entries of the matrix are aij = −1 if edge j
enters node i, aij = 1 if edge j exits node i, and 0 otherwise. There are 2N−1 leaves and the same
number of corresponding coupled NVU blocks in the tissue slice.
The Reynolds and Womersley numbers in small arterioles are very small, with the Reynolds
number approximately 1 [112] and the Womersley number less than 1 [65]. Therefore, at the scale
Figure 6: Overview of the tissue slice model of Dormanns et al. [46]. A 2D cerebral tissue slice is comprised
of multiple NVUs coupled to a vascular H-tree simulating the blood flow and pressure of the
cerebral vasculature.
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Figure 7: Indexing scheme for a vascular bifurcating H-tree with N = 3 levels. The pressure p and the blood
flow q are shown for each node and branch respectively. The nodes and branches are ordered
breadth first. The pressure at the terminating arterioles (leaves) is fixed at pcap.
of the model Hagen-Poiseuille flow can be readily assumed. Hence, the non-dimensional flow q
through a blood vessel is given by




The non-dimensional conductance of the vessel is given by g and the pressure drop over the vessel
is given by v = pup − pdown. Hence, the vector of flows at each vessel is given by
q = Gv, (2.5)
where q ∈ Rn is the vector of flows at each vessel, G = diag g ∈ Rn×n, and v ∈ Rn is the
vector of pressure drops over each vessel. With imposed flow boundary conditions the following
is obtained:
v = ATp + b, (2.6)
where p ∈ Rm is the vector of pressures at each internal node of the tree, and b ∈ Rn incorporates
the boundary conditions. Due to flow conservation, Aq = 0. Hence, from Eq. (2.5) and (2.6) the
vector of pressures is given by the positive definite linear system:
AGATp = −AGb. (2.7)
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Eq. (2.4), (2.5), (2.6) and (2.7) determine the dynamics of the vascular tree and are solved in unison
with the NVU tissue slice model according to Brown and David [16], Dormanns et al. [46], and
briefly described in the following section.
2.4.3 Implementation
The model has been designed to run on parallel architectures with a view of building simulation
size up to macro scale tissue slices. The parallel implementation follows the work of Brown and
David [16]. Combining the individual ODE systems for all NVUs in the tissue slice produces a
large system of ODEs of the form
dx
dt
= f(x, p, t), x ∈ Rk, k ∈N, (2.8)
where x is the vector of state variables of the large ODE system of size k; for example using a tree
of 13 levels requires 4096 coupled NVUs, producing a vector x of size k = 4096× 25 = 102400. The
differential equations depend on the pressure p of the vascular tree, and the conductances of the
tree are algebraically dependent on the radius variable of the NVU so that g = g(x). Therefore Eq.
(2.7) and (2.8) define a semi explicit index-1 differential algebraic system of equations. This can be
transformed into the form
dx
dt
= f(x, (AG(x)AT )−1AG(x)b(t), t). (2.9)
The system is stiff, requiring the computation of the Jacobian matrix. However, the Jacobian is
dense, precluding the traditional implicit methods used for numerically solving differential equa-
tions. This is remedied by taking a block diagonal Jacobian approximation, allowing for the use
of an implicit method while still retaining the solution time scaling properties of explicit solvers.
Additionally, this method lends itself to significant parallelisation. The simulated tissue slice is
split into rectangular domains with each domain corresponding to a single computational node,
whereas the H-tree is partitioned into subtrees with a root subtree. The system is solved using a
C implementation of a fixed-step Backward Euler method with Newton iteration due to stiffness.
Numerical scaling experiments by Dormanns et al. [46] showed that strong scaling (where the
problem size stays fixed and the number of processors is increased) provides a near ideal profile.
Weak scaling results (where the problem size and number of processors are both increased so that
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the problem size per processor remains constant) indicate that the wall clock time increases above
10% when the number of processors is increased from 8 to 256. This small increase again indicates
that the parallel algorithm is near optimal parallelisation. Further details on the solver used can
be found in Brown and David [16] and Dormanns et al. [46].
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T H E E F F E C T S O F E X T R A C E L L U L A R D I F F U S I O N V S
T H E VA S C U L AT U R E
3.1 introduction
The numerical neurovascular unit (NVU) model of Dormanns et al. [48] has been implemented on
the macro scale as described by Dormanns et al. [46] via a space filling binary H-tree simulating a
perfusing arterial tree (vasculature) as discussed in Chapter 2. The H-tree is a tree of blood vessels
which repeatedly bifurcate from a root vessel into vessels with smaller radius and shorter length.
This vascular tree is coupled to a two dimensional (2D) slice comprised of tissue blocks with each
block corresponding to a single NVU. The leaves of the vascular H-tree are each coupled with a
corresponding NVU block via stretch-activated calcium (Ca2+) channels in the smooth muscle cell
(SMC) and endothelial cell (EC) that depend on the vascular blood pressure. For further details
on this model refer to Chapter 2.
The extracellular space (ECS) surrounding the cells of the NVU comprises approximately 20%
of the cerebral tissue [164]. Diffusion of various substances in the ECS play an important role in
both functional intercellular communication and during pathological conditions such as cortical
spreading depression (CSD) [99, 26].
The work of Dormanns et al. [46] contains no direct communication between the adjacent NVUs.
In this chapter a more physiologically correct neurovascular coupling (NVC) model is presented
with an added ECS compartment, and extracellular potassium (K+) diffusion throughout the ECS
between neighbouring tissue blocks in the macro scale simulations to enable direct NVU to NVU
communication.
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3.2 method and model development
This section describes the ECS compartment of the proposed NVU model, and the method for
simulating extracellular K+ diffusion throughout the macro-scale cerebral tissue slice consisting
of multiple NVUs. Finally the large-scale parallel implementation of the NVC is presented along
with the simulation details.
A schematic representation of the proposed model is found in Figure 8 for reference, and all
relevant equations and parameters can be found in Appendix A.4.
3.2.1 Extracellular space compartment
Transport of K+ between the ECS and synaptic cleft (SC) compartments of a single NVU is imple-





(Ke −Ks) , (3.1)
where Jdiff is added to or subtracted from the differential equation for the K+ concentration in
the SC (Ks) and the K+ concentration in the ECS (Ke) respectively. τs is the characteristic time in








Here DK is the effective diffusion coefficient of K+, Dfree is the diffusion coefficient of K+ in
a free medium, and λ0 is a non-dimensional tortuosity factor which is necessary since diffusion
is hindered by the narrow confines of the ECS [157]. For extracellular diffusion the tortuosity has
been reported as λ0 = 1.6 [157]. For diffusion between the ECS and SC, τs = 2.8 s based on an
average astrocyte length (across two astrocyte arms) of ∆x = 100 µm.
It is proposed here that any transport of K+ between the ECS and perivascular space (PVS) com-
partment is excluded from the model, for the following reasons: it is assumed that the PVS volume
is orders of magnitude smaller than the ECS as the astrocytic endfoot closely surrounds the arteri-
ole [171]. In addition, by including a diffusive flux between the PVS and ECS in the model, the
astrocytic K+ uptake and extrusion pathway that occurs following neuronal stimulation is effect-
ively short circuited via the ECS and the astrocyte is bypassed. As such it is more physiologically
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realistic to model the PVS and ECS as completely separate spaces with no ion transport between
them.
The ECS is directly connected to the SMC via a Ca2+ mediated K+ channel and Na+/K+
adenosine triphosphate (ATP)-ase pump (with fluxes denoted by JK and JNaK respectively) given
by:
JK = GKwi(vi − vK) (3.3)
JNaK = FNaK, (3.4)
where JNaK is simplified to a constant hyperpolarising flux according to Parthimos et al. [142].
GK is the whole SMC conductance for K+ efflux, wi is the open state probability of the Ca2+
mediated K+ channel, vi is the SMC membrane potential, vK is the Nernst potential for K+ in the
SMC, and FNaK is the rate of K+ influx into the SMC via the Na+/K+ ATPase pump [110].
3.2.2 Extracellular diffusion in the tissue slice
The macro scale simulations incorporate K+ diffusion between the ECS of adjacent NVU tissue
blocks via a linear diffusion term as in Eq. (3.1) with characteristic time τe. Dormanns et al. [46]
originally estimated a tissue block size of side length 400 µm. However, arterioles of the cortex
perfuse a cylindrical volume of diameter 140 to 320 µm [84]. Assuming that the cube shaped
tissue blocks of the proposed model each containing a leaf of the H-tree (arteriole) perfuse the
same volume as a cylindrical volume of diameter 140 µm, the side length of a single cubic tissue
block will be 124 µm by volume equivalence. Therefore the characteristic time based on Eq. (3.2)
for K+ to travel through the ECS from one tissue block to another is τe = 4.3 s based on ∆x = 124
µm.
Diffusion between adjacent NVU tissue blocks is implemented using linear diffusion via the
Laplace operator. Diffusion is not implemented for tissue blocks on a diagonal. For a single NVU























with JKi and JNaKi defined in Eq. (3.3) and (3.4) respectively. Zero flux boundary conditions are
implemented on the edges of the tissue slice.
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Figure 8: A schematic representation of the proposed NVC model with added ECS compartment. NE:
neuron, SC: synaptic cleft, AC: astrocyte, PVS: perivascular space, SMC: smooth muscle cell, SR:
sarcoplasmic reticulum, EC: endothelial cell, ER: endoplasmic reticulum, LU: lumen, ECS: extra-
cellular space. K1 to K7: wall mechanics reaction rate constants, M: free nonphosphorylated cross
bridges, Mp: free phosphorylated cross bridges, AMp: attached phosphorylated cross bridges,
AM: attached dephosphorylated latch bridges, KIR: inwardly rectifying potassium channel, BK:
large conductance potassium channel, VOCC: voltage operated Ca2+ channel, CICR: Ca2+ in-
duced Ca2+ release channel, IP3R: inositol trisphosphate (IP3) receptor Ca2+ channel, JPLC:
phospholipase-C dependent IP3 flux, NaK: Na+/K+ ATPase pump, K: Ca2+ activated potassium
channel. The ECS compartment and fluxes Jdiff, JNaK and JK shown in red are new additions to
the NVU model.
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3.2.3 Implementation
The Message Passing Interface (MPI) is used for the communication between tissue blocks in a
multi-core architecture. For the implementation of extracellular diffusion, at each time step the
state variables from the blocks along the edges of the domains are passed to the adjacent blocks
in the neighbouring domain. Communication between domains and the corresponding boundary
conditions enforcement within a single domain is implemented following the mesh ghost block
communication pattern [78].
For the neuronal activation simulations, the simulated vascular H-tree contained N = 13 levels
coupled with 4096 NVU tissue blocks corresponding to a 7.9 mm × 7.9 mm 2D cerebral tissue
slice. The initial conditions were homogeneous over the entire tissue slice.
The ordinary differential equation (ODE) set and solution was implemented on a 56 core Intel
Xeon E5-4660 v3 server with 128 GB of memory and clock speed of 2.10 GHz. The numerical
simulations for the neuronal stimulation experiments were executed on 32 cores with 128 NVU
tissue blocks allocated to each core. All simulations were performed for a total of 300 physiological
seconds. Each iteration corresponding to one physiological second took approximately 4 minutes
of wall clock time to complete.
A neuronal input signal was applied to the lower left corner of the tissue slice in the form of a K+
influx to the SC from the neuron at t0 = 100 s. The input function K(t) mimics phenomenologically
the K+ efflux from the neuron during neuronal stimulation followed by the neuronal uptake of
K+ after stimulation ends. The piecewise function has the temporal form of a beta distribution




(αn +βn − 1)!
(αn − 1)!(βn − 1)!
(





, for t0 6 t < t0 +∆t
−Kinput, for t1 6 t 6 t1 +∆t
0. otherwise
(3.6)
This form ensures that the integral of the function over all time equals zero; in other words, the
amount of input K+ from the neuron into the SC is equal to the amount taken back by the neuron
at t1 = 200 s. The input duration is ∆t = 10 s. The constants of the beta distribution are αn = 2
and βn = 5 as determined by Østby et al. [137]. This function is added to the ODE for synaptic
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K+ concentration (see Dormanns et al. [48] for further details). Figure 9 shows the form of the
input function K(t) and the area of the tissue slice that is stimulated.
Simulations were performed with both JPLC = 0.18 µMs−1 for steady state dynamics and
JPLC = 0.4 µMs−1 for oscillatory dynamics (vasomotion).
3.3 results
In this model neuronal stimulation is simulated by an influx of K+ from the neuron into the SC.
With the addition of the ECS compartment, following neuronal stimulation K+ is able to diffuse
out of the SC into the ECS (Jdiff) causing an increase in extracellular K+ concentration (Ke). The
K+ then diffuses into the ECS of adjacent NVUs in the tissue slice, causing a spatial gradient in Ke
as the K+ diffuses outward from the stimulated area (see Figure 10). This extracellular K+ is then
able to diffuse into the SC, indirectly stimulating the NVUs adjacent to the directly stimulated
area.
The fluxes from the SMC into the ECS through the Ca2+ mediated K+ channel and Na+/K+
ATPase pump (JK and JNaK respectively) are orders of magnitude smaller than the diffusive flux
from the SC into the ECS. Therefore there is very little effect on the dynamics from these two
fluxes and the majority of the K+ flux is from the SC compartment.
The effect of extracellular K+ diffusion on the resulting radial dynamics of the vasculature is
shown for two cases: JPLC = 0.18 µMs−1 (without vasomotion) and JPLC = 0.4 µMs−1 (with
vasomotion). These correspond respectively to low and high luminal agonist concentration. These
two cases are chosen as the underlying dynamics of the system are qualitatively different, namely
steady state and oscillatory.
3.3.1 Without vasomotion
Figure 11a shows the normalised radius and blood flow of the vascular tree following neuronal
activation when the luminal agonist concentration is low (JPLC = 0.18 µMs−1) so the dynamics of
the NVU are steady state (without vasomotion). Figure 11b shows the normalised vessel radii of
3 NVUs in distinct areas of the tissue slice: in the stimulated area, the boundary of the stimulated




Figure 9: Left: The input function K(t) in µMs−1 simulating the input of K+ into the SC during neuronal
activation and uptake of K+ following activation, see Eq. (3.6). Grey area: period of neuronal
activation. Right: The area of the tissue slice that is neuronally activated (red) via an input K(t) of
K+ into the SC. Blue: non activated area, white: vascular tree.
Figure 10: Extracellular K+ concentration in a neuronal activation simulation snapshot of a 7.9 mm × 7.9
mm cerebral tissue slice including 4096 NVU blocks globally coupled via a space filling H-tree
and diffusion of K+ through the ECS. The extracellular K+ concentration is shown in µM at
t = 186 s following neuronal activation in the lower left corner at t = 100 s. Stimulation causes
an increase in SC K+ concentration. This K+ diffuses out of the SC into the ECS which then




(a) Radius and blood flow of a tissue slice snapshot following neuronal activation. Video available online
(b) Normalised vessel radii in 3 different areas of the tissue slice.
Figure 11: (a) Normalised radius and blood flow of the neuronal activation simulation of Figure 10, with
steady state dynamics (without vasomotion). The colour of the tissue blocks represents the vessel
radius and the colour of the vascular tree represents the blood flow. The basic model without
extracellular diffusion is shown in the top right corner. The lower left corner of the tissue slice
was stimulated by neuronal input from t = 100 to 200 s causing the local dilation of blood
vessels and increased blood flow. The diffusion of K+ through the ECS of neighbouring NVU
tissue blocks results in the weak dilation of blood vessels in adjacent areas not directly stimulated
by the neuronal input.
(b) Shown are the normalised radii of vessels in 3 distinct areas of the tissue slice highlighted
in green in a). The plots are shown with time starting at t = 50 s to disregard any transient
behaviour. Boundary refers to a vessel adjacent to the stimulated area. When JPLC = 0.18 µMs−1
the vessel in the directly stimulated area experiences a large increase in radius, while the radius of
a boundary vessel slightly increases. In the basic model the behaviour of vessels on the boundary
and non stimulated areas are the same. Video available online (https://youtu.be/Se1L_4VVBZk)
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activity simulated by an increase in synaptic K+ concentration Ks results in a radial increase [48],
so the radius is a function of Ks.
In the simulations of the basic model with no extracellular diffusion, the vessels in the stimulated
area experience an increase in radius and hence vasodilation (Figure 11a, top right). However, the
adjacent NVU blocks on the boundary of the stimulated area receive no stimulation, resulting
in a clear divide in vessel radius and blood flow between the two areas. This is physiologically
unrealistic as adjacent cells should have some effect on one another.
In the proposed model with extracellular diffusion, the K+ from the SC of the NVUs in the stim-
ulated area diffuses into the ECS and outward throughout the tissue slice. This K+ then weakly
stimulates the adjacent NVUs, resulting in slight dilation of vessels adjacent to the stimulated area
(see Figure 11b). Therefore there is a physiologically realistic gradient of vessel radius and blood
flow from the area of stimulation to non stimulation. The vessel dilation remains sufficiently spa-
tially localised over larger time scales. As a result of the outward diffusion of K+, NVUs in the
stimulated area will have an overall slightly lower radial increase.
3.3.2 With vasomotion
Figure 12a shows the normalised radius and blood flow of the vascular tree following neuronal
activation when the luminal agonist concentration is high (JPLC = 0.4 µMs−1) so the dynamics
of the NVU are oscillatory (vasomotion). Figure 12b shows the normalised vessel radii of 3 NVUs
in distinct areas of the tissue slice: in the stimulated area, the boundary of the stimulated area,
and non stimulated area. In the single NVU model with JPLC = 0.4 µMs−1, neuronal activity
simulated by an increase in synaptic K+ concentration Ks results in an increase in the amplitude
and period (reciprocal of frequency) of radial oscillations [48]. Therefore the amplitude and period
are functions of Ks.
In the basic model with no extracellular diffusion, the NVUs in the stimulated area and non
stimulated area have no direct communication so their individual oscillatory dynamics are inde-
pendent.
In the present model with extracellular diffusion, the vessels in the stimulated area experience
an increase in the amplitude and period of radial oscillations. K+ from the SC of the NVUs in the
stimulated area diffuses into the ECS and outward throughout the tissue slice as in Figure 10. This
K+ then weakly stimulates the adjacent NVUs. This weak stimulation causes a slight increase in
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(a) Tissue slice snapshots of the proposed model following neuronal stimulation.
(b) Normalised vessel radii in 3 different areas of the tissue slice.
Figure 12: (a) Neuronal activation simulation snapshots of a 7.9 mm× 7.9 mm cerebral tissue slice including
4096 NVU blocks globally coupled via a space filling H-tree and diffusion of K+ through the
ECS, with oscillatory dynamics (with vasomotion). The colour of the tissue blocks represents the
normalised vessel radius and the colour of the vascular tree represents the blood flow. The lower
left corner of the tissue slice was stimulated by neuronal input from t = 100 to 200 s causing
the local dilation of blood vessels and increased blood flow. The diffusion of K+ through the
ECS of neighbouring NVU tissue blocks results in the weak stimulation of NVUs adjacent to the
activation area, resulting in an decreasing gradient in amplitude and period of oscillations from
the stimulated to non stimulated area. The spatial variation in the period of oscillations causes
the vessels to oscillate out of sync, resulting in what look like waves of increased radius moving
towards the stimulated area.
(b) The normalised radii of vessels in 3 distinct areas of the tissue slice are shown. The plots are
shown with time starting at t = 50 s to disregard any transient behaviour. Boundary refers to
a vessel adjacent to the stimulated area. When JPLC = 0.4 µMs−1 the amplitude and period of
radial oscillations of an NVU in the directly stimulated area increases. An NVU on the boundary
experiences a slight increase in amplitude and period of radial oscillations. The non stimulated
area experiences no change. After the stimulation ends at t1 = 200 s the NVUs remain out of
phase. In the basic model the behaviour of vessels on the boundary and non stimulated areas are
the same. Video available online (https://youtu.be/7jepHw_7xCE)
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amplitude and period for NVUs on the boundary of the stimulated area, clearly seen in Figure
12b.
This difference in the period of oscillations of vessels in the stimulated, boundary and non
stimulated areas causes the vessels to oscillate out of phase, resulting in what appear to be waves
of increased radius moving towards the stimulated area. This is an example of emergent behaviour
that persists when the neuronal stimulation is removed since the oscillating NVUs remain out of
phase.
The dynamics of the SMC in the NVU are oscillatory, therefore the flux through the Ca2+
mediated K+ channel JK into the ECS also oscillates due to its dependence on the SMC membrane
potential vi. This will induce the K+ concentration in the ECS to also oscillate. However, the
magnitude of the flux JK is comparatively small so the amplitude of K+ oscillations in the ECS
are negligible.
3.4 discussion
The implementation of the macro scale model of neurovascular coupling combined with the vas-
cular tree provides a platform for the study of blood supply regulation in the brain; in particular
the addition of extracellular K+ diffusion allows for further study in relation to pathological con-
ditions such as cortical spreading depression.
With the addition of extracellular K+ diffusion the proposed model is able to simulate NVC
in a more physiological manner. When the tissue slice has low luminal agonist concentration
(JPLC = 0.18 µMs−1), a spatially localised stimulus results in vasodilation with a decreasing
gradient in vessel radius and blood flow from the area of neuronal stimulation to non stimulation.
In contrast, with the basic model, vessels on the boundary of the neurally stimulated area received
no stimulation at all. This results in a physiologically unrealistic clear divide in the vessel radius
and blood flow between the two areas.
When vasomotion is present for high agonist concentration (JPLC = 0.4 µMs−1), a localised
neuronal stimulus results in vasodilation with an increase in the amplitude and period of radial
oscillations. There is a decreasing gradient in the amplitude and period of radial oscillations from
stimulated to non stimulated area. This spatial variation in the period causes the NVUs in adjacent
tissue blocks to oscillate out of phase, resulting in emergent behaviour in the form of waves of
increased radius moving inward toward the stimulated area. This behaviour persists when the
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neuronal stimulation is removed as the oscillating NVUs remain out of phase. Hence, the model
is able to produce fundamentally new behaviour when simulated on the macro scale.
Due to flow conservation, the changes in flow at the leaves of the vascular tree following a
localised neuronal stimulation have an effect on the blood flow through the higher level branches.
This effect is minor as the higher level branches are of relatively low resistance, so changes in
pressure due to a downstream flow perturbation are very small. Hence, there is minimal influence
on other downstream vessels, and the majority of influence on non-stimulated NVUs within the
tissue slice is via extracellular diffusion.
The increase in blood flow in response to neuronal stimulation remains sufficiently spatially loc-
alised over larger time scales. This is necessary as neurovascular coupling is the spatially localised
response of the blood vessels to neuronal activation in an area of the cortex.
3.5 conclusions
A numerical NVC model containing a vascular H-tree coupled with multiple NVUs comprising
a cerebral tissue slice is extended via extracellular potassium diffusion, allowing for direct com-
munication between adjacent NVUs. The model simulates NVC on the macro scale in a parallel
environment using high performance computing. A localised neuronal stimulation results in vas-
odilation with a decreasing gradient in vessel radius from the stimulated to non-stimulated area.
The dilation remains sufficiently spatially localised over larger time scales. During vasomotion,
there is emergent behaviour in the form of waves of increased vessel radius moving towards the
stimulated area. Results indicate that communication within the tissue is more important than
communication via the vascular tree.
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T R P V 4 C H A N N E L I N N E U R O VA S C U L A R C O U P L I N G
4.1 introduction
There has been significant work done on the vascular response to neuronal activity and astrocytic
inputs [10, 58, 56, 48] but little has been done to investigate the effect that the vasculature has
on astrocytes. Moore and Cao [127] hypothesised that the cerebral vasculature has an important
effect on neural function through various mechanisms. Witthoft et al. [171] suggested that one in-
direct mechanism is through astrocytic mechanosensation of vascular motions. Their bidirectional
signalling model includes the astrocyte response to vascular function via the transient receptor
potential vanniloid-related 4 (TRPV4) channel, a mechanosensitive calcium (Ca2+) channel on
the astrocytic endfoot [9]. The model was validated using experimental data from Cao [23] who
provided evidence that vessel dilation provokes astrocytic Ca2+ increase and membrane depol-
arisation. Dunn et al. [52] have also shown that TRPV4-mediated Ca2+ influx contributes to the
astrocytic endfoot response to neuronal activation, enhancing vasodilation.
There is some debate as to the importance of astrocytic Ca2+ towards neurovascular coupling
(NVC) [7]. Zonta et al. [177] observed experimentally that glutamate activated astrocytic endfoot
Ca2+ increases were well-timed with vascular changes; these observations were the first evidence
that astrocytes may contribute towards NVC. An increase in astrocytic Ca2+ can result in the pro-
duction of arachidonic acid (AA) which is subsequently metabolised to epoxyeicosatrienoic acids
(EETs) and prostaglandin E2 (PgE2), a derivative of cyclooxygenase enzymes (COX) [21]. These
metabolites may act directly on smooth muscle cells (SMCs) [5] or directly on the astrocytic endfeet
to modulate potassium (K+) currents [87]. Numerous in vivo experimental results [133, 15, 159]
indicate that NVC can occur independently of large astrocytic Ca2+ signalling. Whereas various
in situ experimental results [59, 155, 68] support the hypothesis that astrocytic endfoot Ca2+ is a
critical factor for NVC. In particular, Girouard et al. [68] examined the effect of astrocytic Ca2+
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on the vascular response with brain slices. The Ca2+ concentration was elevated by either electro
field stimulation (EFS) or by uncaging Ca2+ in the astrocytic endfeet. They found that, regardless
of the elevation method, moderate increases in Ca2+ concentration resulted in vasodilation while
large increases resulted in constriction (see Figure 13).
A mathematical model of a single neurovascular unit (NVU) has been presented in Chapter 3
and is based on the model of Dormanns et al. [48]. This model describes the synaptic K+ induced
NVC pathway, where synaptic K+ is taken up by the astrocyte and extruded into the perivascular
space (PVS), culminating in vasodilation via the relaxation of the SMC.
In this chapter the model is extended to include nitric oxide (NO) dynamics, where NO is a
neurotransmitter primarily produced in both the neuron and endothelial cell (EC) and able to
diffuse into the SMC where it acts as a potent cerebral vasodilator. The model is also extended to
include glutamate mediated astrocytic Ca2+ dynamics, the subsequent production of EETs, and
their combined effect on the big potassium (BK) channel on the astrocytic endfoot. It is assumed
that the EETs do not diffuse through the PVS to the arteriole, but act primarily upon the astrocytic
BK channel. It is possible that EETs or other AA-derived metabolites act on the SMCs themselves
[5], but it is assumed, in keeping with the findings of Higashimori et al. [87], that EETs act directly
upon the astrocytic endfoot. The model does not yet include the COX - PgE2 pathway, although
findings from Metea and Newman [125] suggest that it is EETs rather than PgE2 that result in
vasodilation.
Finally, the model has been extended to include a stretch dependent TRPV4 channel on the
astrocytic endfoot based on the model of Witthoft et al. [171], allowing for the direct study of the
influence of this bidirectional coupling of the astrocyte and vasculature. The relative efficacy of
these different pathways on the process of NVC can be examined using the complex and more
comprehensive NVU model.
4.2 method and model development
This section details the extensions to the single NVU model, in particular the addition of the NO
pathway, astrocytic Ca2+ pathway and TRPV4 channel. A schematic diagram of the proposed
model containing the various extensions is found in Figure 14, and all relevant equations and
parameters can be found in Appendix A.5.
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a
b
Figure 13: Experimental in situ results of Girouard et al. [68] show that a) moderate increases in Ca2+
concentration in the astrocytic endfoot up to 0.324 ± 0.016 µM results in vasodilation, whereas
b) high Ca2+ levels of 0.732 ± 0.041 µM result in vasoconstriction. Adapted from Girouard et al.
[68].
4.2.1 NVU model: potassium pathway
The current NVU model was previously described in Chapter 3. However as the focus of this
chapter is on the contribution of the various signalling pathways within the NVU, the K+ pathway
is briefly described here as follows.
During neuronal stimulation K+ is released into the synaptic cleft (SC), leading to an influx of
K+ into the astrocyte via Na+/K+ pumps on astrocytic processes adjacent to the SC. Consequently
the astrocyte depolarises, leading to a large K+ efflux into the PVS through the BK channel on the
astrocytic endfoot [33].
The rise in perivascular K+ concentration leads to a further influx of K+ through the inward
rectifying K+ (KIR) channel from the SMC into the PVS, hyperpolarising the SMC membrane.
As a result the voltage operated Ca2+ channels (VOCCs) on the SMC close, preventing an influx
of Ca2+. The decrease in Ca2+ concentration causes a decrease in the rate constants K1 and K6
for the phosphorylation of free and attached cross bridges, respectively. Overall the change in the
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Figure 14: A schematic representation of the proposed NVC model with added NO pathway (pink), as-
trocytic Ca2+ pathway (green), and TRPV4 channel (purple). NE: neuron, SC: synaptic cleft,
AC: astrocyte, PVS: perivascular space, SMC: smooth muscle cell, SR: sarcoplasmic reticulum,
EC: endothelial cell, ER: endoplasmic reticulum, LU: lumen, ECS: extracellular space. NMDA:
N-methyl-D-aspartate receptor channel, Eb,E6c,E5c: fraction of soluble guanylyl cyclase (sGC)
in the basal state, intermediate form, and fully activated form respectively, k−1 to k4: sGC rate
constants, Pump: Ca2+ uptake pump, Leak: Ca2+ leak channel, IP3R: inositol trisphosphate (IP3)
receptor Ca2+ channel. Components that have been added or modified are labelled in dark red.
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actin-myosin cross bridge formation relaxes the SMC, dilating the vessel which results in increased
blood flow. This K+ induced NVC pathway is well known [5, 59, 130] and is highlighted in yellow
in Figure 14.
4.2.2 Nitric oxide model of Dormanns et al. [47]
The NO signalling pathway described by Dormanns et al. [47] has been integrated into the current
model. NO is a neurotransmitter known to act as a potent cerebral vasodilator. The biochemical
reaction that synthesises NO is catalysed by the enzyme family of NO synthases (NOS): neur-
onal (nNOS), endothelial (eNOS), and inducible (iNOS), found in neurons, ECs and multiple cell
types respectively [61]. The production rate of NO is dependent on the concentration of activated
NOS. nNOS and eNOS are thought to be the most influential NO producers, hence it is assumed
NO production is in only the neuron and EC compartments and no production in the other cell
types. However NO is able to diffuse rapidly into other compartments. NO production in the
EC is catalysed by eNOS and mediated by wall shear stress (WSS) and endothelial Ca2+ concen-
tration, where WSS is dependent on the radius. Endothelial NO is produced continuously and
independent of neuronal activity.
During neuronal stimulation, glutamate is released from the neuron into the SC. The glutamate














where Glumax is the maximum glutamate concentration corresponding to the release of one vesicle,
and θL, θR are slope scaling factors. The profile of the function Glu(t) is shown in Figure 15.
Figure 15: The input function Glu(t) simulating the rise of glutamate concentration during neuronal stimu-
lation. Grey area: period of neuronal stimulation.
37
4.2 method and model development
The rise in synaptic glutamate concentration induces a Ca2+ influx into the neuron through N-
methyl-D-aspartate (NMDA) receptor channels. The Ca2+ binds with calmodulin (CaM) to form
CaM/Ca2+ complexes, which act to increase nNOS production and hence increase neuronal NO
production.
When NO diffuses into the SMC it regulates intracellular enzyme activation and induces SMC
relaxation as follows. NO activates soluble guanylyl cyclase (sGC), an enzyme which catalyses
the formation of the secondary messenger cyclic guanosine monophosphate (cGMP). The increase
in cGMP causes an increase in the rate of dephosphorylation of free and attached cross bridges.
cGMP also acts to open the BK channel so that both the SMC K+ concentration and membrane
potential decrease, closing the VOCC channel. As a result the SMC Ca2+ concentration decreases
and hence the rate of phosphorylation of free and attached cross bridges decreases. Overall this
leads to a decrease in the proportion of attached cross bridges and hence the SMC relaxes, i.e. the
addition of the NO pathway to the model has a vasodilatory effect. This pathway is highlighted
in pink in Figure 14.
4.2.3 Astrocytic Ca2+ pathway
The first extension to the NVU model is of the astrocytic Ca2+ pathway and based on the model of
Farr and David [56]. This pathway is highlighted in green in Figure 14. The release of glutamate in
the SC induces an IP3 release into the astrocyte, causing the release of Ca2+ from the endoplasmic
reticulum (ER) into the cytosol, which in turn leads to the production of EETs. The membrane
potential, EET concentration and Ca2+ concentration regulate the opening of the BK channel,
allowing further K+ release into the PVS.
The ratio ρ of bound to unbound metabotropic receptors on the astrocytic process adjacent to the
SC is dependent on the synaptic glutamate release according to the following proposed relation:
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where Glu(t) is the smooth pulse function in Eq. (4.1), ρ = ρmin when Glu(t) = 0 and ρ = ρmax
when Glu(t) = Glumax. The ratio G of active to total G-protein due to metabotropic glutamate
receptor (mGluR) binding on the astrocytic endfoot surrounding the SC is then given by
G =
ρ+ δ
KG + ρ+ δ
(4.3)
where KG is the G-protein disassociation constant and δ is the ratio of the activities of the bound
and unbound receptors, which allows for background activity in the absence of any stimulus
[11]. The glutamate attachment at metabotropic receptors induces an increase in astrocytic IP3
concentration IP3k according to the following ordinary differential equation (ODE):
dIP3k
dt
= rhG− kdeg IP3k (4.4)
where rh is the IP3 production rate and kdeg is the degradation rate.
The astrocytic cytosolic Ca2+ (Cak) comes from both the ER through various channels and from










where the flux through the TRPV4 channel (JTRPVk) is described in Eq. (4.21), the fluxes JIP3k ,
Jpumpk , and JERleakk are described below, and rbuff is a ratio describing the rate of Ca
2+ buffer-
ing at the astrocytic endfoot compared to the main body. Similarly the Ca2+ concentration in the






(JIP3k − Jpumpk + JERleakk) (4.6)
where VRERcyt is the volume ratio between the ER and the astrocytic cytosol. Fast Ca2+ buffering








where BKend is the ratio of the endogenous buffer concentration to the endogenous disassoci-
ation constant, Kex is the disassociation constant of exogenous buffer, and Bex is the constant
concentration of exogenous buffer.
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The ER has 3 mechanisms for Ca2+ transport: IP3R channels that release Ca2+ in response to
















where Jmax is the maximum rate, Ki is the dissociation constant for IP3R binding, and Kact is the
dissociation constant for Ca2+ binding to an activation site on the IP3R. The inactivation variable
hk is given by
dhk
dt
= kon [Kinh − (Cak +Kinh)hk] (4.9)
where kon and Kinh are the Ca2+ binding rate and dissociation constant, respectively. The flux of







where Vmax is the maximum pump rate and kpump is the pump constant. The flux of Ca2+








where PL is the steady state balance constant.
The ODE for the astrocytic EET concentration (eetk) is assumed to have the form of
deetk
dt
= Veet(Cak − ckmin) − keeteetk (4.12)
where Veet is the EET production rate, ckmin is the minimum Ca
2+ concentration required for
EET production, and keet is the decay rate.
4.2.3.1 BK channel
The following equations are modified from Dormanns et al. [48] to include astrocytic Ca2+ dynam-
ics following the work of Farr and David [56]. Astrocytic Ca2+, EET concentration, and membrane
40
4.2 method and model development
potential vk all have an opening effect on the astrocytic BK channel on the endfeet adjacent to the




wk(vk − EBKk) (4.13)
where gBKk is the channel conductance per unit area, F is Faraday’s constant, and Rk is the astro-
cytic volume-area ratio (see Dormanns et al. [48] for further details on this variable). The Nernst










where Rg is the universal gas constant, zK is the ionic valence for K+, and Kp and Kk are the
perivascular and astrocytic K+ concentrations respectively (see Dormanns et al. [48] for further
details on these two variables).




= φn(w∞ −wk) (4.15)
The time constant associated with the opening of the BK channel is given by






where ψn is the characteristic time constant and v4 is a measure of the spread of the open prob-









where eetshift determines the EET-dependent shift of the channel. Finally the voltage associated










where v5, v6,Ca3 and Ca4 are constants.
The BK channel submodel of Farr and David [56] used parameters from Gonzalez-Fernandez
and Ermentrout [74], however some of these parameters were more suited to a cell model such
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as a neuron where the membrane potential depolarises and becomes positive. As such the profile
of the steady state open probability w∞ had a sharp incline between −50 mV and 20 mV (see
Figure 16). However in the model the astrocyte only depolarises from −87 mV up to a maximum
of −54 mV. This range is consistent with the experimental results of Meeks and Mennerick [124]
who found that the astrocyte membrane potential varied from approximately −90 to −60 mV for
extracellular K+ between 3 and 8 mM (as occurs during regular NVC).
Cox [36] modelled a BK channel in the neuron and found that increasing the Ca2+ concen-
tration shifted the profile of the open probability to the left. However, even at very high Ca2+
concentrations the open probability was not high unless the cell was depolarised.
BK channels represent a diverse group of channels mediated by accessory subunits (β1−β4) that
alter the biophysical properties and pharmacology of these channels [166]. In addition, similar ion
channels often behave differently in different organs leading to organ-specific model parameterisa-
tions. It is not unreasonable, therefore, to assume BK channels in the neuron and astrocyte have
distinct properties.
Based on the open probability profile at differing Ca2+ concentrations in Cox [36] and the range
of vk that is seen in the model, the parameters of BK channel open probability have been modified
(see Figure 16).
original new
Figure 16: BK steady state open probability w∞ varied with astrocytic membrane potential (vk) at differing
astrocytic Ca2+ concentration levels (Cak), for the original model parameters (blue) and new
parameters (red). Grey area: range of vk in the astrocyte.
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4.2.4 TRPV4 channel
The second extension to the NVU model is the inclusion of the TRPV4 channel on the astrocytic
endfoot adjacent to the PVS and is based on the bidirectional model of Witthoft et al. [171]. This
pathway is highlighted in purple in Figure 14. In this model vessel dilation activates the TRPV4
channels, allowing an influx of Ca2+ from the PVS into the cytosol and hence increasing the
astrocytic Ca2+ concentration. As the model does not contain any Ca2+ in the SC, including
TRPV4 channels on the astrocytic endfoot facing the SC was not considered.









−Cadecayp(Cap − cminp) (4.19)
where VRpa and VRps are volume ratios, Cadecayp is the Ca
2+ decay rate, and cminp is the
resting state equilibrium Ca2+ concentration in the PVS. Here JVOCCi is the flux of Ca
2+ through
the VOCC which connects the SMC to the PVS. When the membrane of the SMC hyperpolarises
this channel closes and the flux is given by
JVOCCi = GCai
vi − vCa1
1+ exp [−(vi − vCa2)/RCai]
(4.20)
where GCai is the whole cell conductance, vCa1 is the reversal potential, vCa2 is the half point of
the VOCC activation sigmoidal, RCai is the maximum slope of the activation sigmoidal, and vi is
the variable SMC membrane potential.
The flux of Ca2+ through the TRPV4 channel is given by
JTRPVk = GTRPVkmk(vk − ETRPVk)cunit (4.21)
where GTRPVk is the whole cell conductance for TRPV4 channels and cunit is a conversion factor.










where zCa is the ionic valence for Ca2+.
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The open probability of the TRPV4 channel is modelled as an ODE that decays to its equilibrium







where tTRPVk is the characteristic time constant, and the equilibrium state of the TRPV4 channel




















where η0 is the local radial strain on the arteriole required for half activation and κk is a strain
constant. The strain on the perivascular endfoot of the astrocyte is taken as approximately equal














where γCai and γCae are constants associated with intracellular and extracellular Ca2+, respect-
ively.
The astrocytic membrane potential vk equation is modified from the foundation model to in-
clude the TRPV4 channel:
vk =
gNakENak + gKkEKk + . . .+ gTRPVkmkETRPVk
gNak + gKk + . . .+ gTRPVkmk
(4.28)
where gTRPVk is the TRPV4 channel conductance per unit area (note: not the same as GTRPVk).
4.2.5 Minor model corrections
The direction of the Ca2+ flux through the stretch channels in the SMC and EC compartments
was incorrect due to a misprint in the work of Koenigsberger et al. [111]; this has now been fixed.
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This shifted the bifurcation diagram of the parameter JPLC (see Figure 5 in Chapter 2) to the left
so that the model now oscillates for lower values of JPLC. Consequently a lower JPLC value of 0.11
µM s−1 is used from here onwards to simulate steady state conditions.
4.2.6 Implementation
A total of 42 coupled ODEs make up the entire single NVU system and are solved in Matlab
using the stiff solver ‘ode15s’ due to domains of stiffness encountered in the foundation model of
Dormanns et al. [47]. The initial conditions were chosen so that the system is initially at a steady
state.
A single NVU is neuronally stimulated via an input of K+ and glutamate into the SC in order
to produce a vascular response through the process of NVC. These input functions are given by
K(t) (described in Chapter 3) and Glu(t) (described in Section 4.2.2) respectively. However with
multiple pathways and components in the NVU the vascular response should vary based on which
pathways are active, where the pathways are: K+, NO, astrocytic Ca2+, and the TRPV4 channel
shown in Figure 14. The effects of each pathway are examined, in particular the contribution of
astrocytic Ca2+ and the TRPV4 channel. It is important to note that mathematical models are able
to shut off or isolate individual pathways which are impossible to do in a wet lab.
The four pathways are activated or deactivated as follows. The K+ pathway is controlled via the
input function K(t) so that when there is no input (i.e. Kinput = 0) the pathway is deactivated. The
astrocytic Ca2+ pathway is controlled via the input function Glu(t) in a similar manner (Glumax =
0). The NO pathway is activated through the input function Glu(t) and deactivated by setting the
rates of nNOS and eNOS production to zero, so that no NO can be produced. Finally the TRPV4
channel is deactivated by setting the open probability of the channel to zero so there is no Ca2+
flux.
The stimulation input functions are from 100 to 300 s simulation time (indicated by a grey box




4.3.1 Astrocytic Ca2+ pathway and TRPV4 channel
The effects of the astrocytic Ca2+ pathway and the TRPV4 channel implemented in isolation and
together are shown in Figure 17. Note the small scale on the y axis for wk.
When only the Ca2+ pathway is active, the glutamate release from neuronal stimulation induces
a fast release of IP3 into the astrocyte via metabotropic receptors. Consequently there is an influx
of Ca2+ into the cytosol through the IP3 mediated Ca2+ channel on the ER. The level of astrocytic
Ca2+ (Cak) increases to 0.31 µM, consistent with the experimental results of Girouard et al. [68]
(see Figure 13). The rise in Cak induces an increase in EET concentration (eetk), and the increase
in Cak and eetk both cause a very minor increase in the open probability of the BK channel (wk).
Therefore the flux of K+ through the BK channel has a corresponding small increase, as does
the perivascular K+ concentration (Kp) and radius of only 0.002% from the baseline. This radial
increase is negligible (results not shown).
When the Ca2+ pathway is deactivated and the TRPV4 channel active, the TRPV4 channel
induces a small constant Ca2+ flux into the astrocyte which slightly increases the resting Cak and
eetk by a small amount. The astrocytic membrane potential vk also slightly increases due to the
Ca2+ ion influx to the cell. This constant Ca2+ influx is minor as the TRPV4 channel is stretch
dependent and the resting basal radius is small.
The Ca2+ pathway and TRPV4 channel together produce the largest increase in wk, however
this increase is still negligible. The increase in wk is small because the open probability is also
strongly voltage dependent (clearly seen in Figure 16), and there is no significant increase in vk
during stimulation associated with the Ca2+ pathway and/or TRPV4 channel. Hence the K+ flux




Figure 17: The effects of the astrocytic Ca2+ pathway and TRPV4 channel both individually and together.
a) astrocytic IP3 concentration, b) astrocytic Ca2+ concentration, c) astrocytic EET concentration,
and d) open probability of the astrocytic BK channel.
4.3.2 Potassium pathway
The effects of the K+ pathway with and without the astrocytic Ca2+ pathway and TRPV4 chan-
nel are shown in Figure 18. The two variable components of the BK flux equation are the open
probability wk and the term vk − EBKk (see Eq. (4.13)).
When only the K+ pathway is active, the release of K+ into the SC is taken up by the astrocyte.
This influx of positive ions depolarises the astrocyte and vk increases. Even though there is no
increase in either Cak or eetk, the strong voltage dependency of the BK channel means that wk
increases significantly up to 0.05 and the magnitude of the flux (via the term vk − EBKk) is large.
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Figure 18: The effects of the K+ pathway with the Ca2+ pathway and TRPV4 channel. a) astrocytic Ca2+
concentration, b) astrocytic EET concentration, c) astrocytic membrane potential, d) open prob-
ability of the astrocytic BK channel, e) perivascular K+ concentration, and f) arteriolar radius.
Consequently the flux through the BK channel is large and Kp increases, leading to a maximal
radial increase of 29% from the baseline.
When both the K+ and Ca2+ pathways are active, the increase in Cak and eetk cause wk
to increase up to 0.15, leading to increased Kp and a maximal radial increase of 31% from the
baseline. It is important to note that the increase in wk from the Ca2+ pathway is not linearly
additive, due to the profile of the steady state open probability w∞ in Figure 16. By itself the Ca2+
pathway is only able to induce a very small increase in wk, but when the astrocyte is depolarised
via the K+ pathway, Ca2+ results in a comparatively large increase in wk.
When the TRPV4 channel is activated in addition to the K+ and Ca2+ pathways, Cak increases
further to 0.34 µM. The TRPV4 channel has a larger effect on Cak than in the case without K+ in
Figure 17 because of its stretch dependency; when the radius is increased the TRPV4 Ca2+ flux
also increases, providing a positive feedback loop. The membrane potential vk slightly increases
further due to the influx of positive Ca2+ ions through the TRPV4 channel from the PVS into the
astrocyte. The increase in Cak, eetk and vk causes wk to increase to 0.24 and the magnitude of
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the BK flux (via term vk − EBKk) to increase, opening the BK channel further and resulting in an
increased maximal radius of 32% of the baseline.
Therefore the Ca2+ pathway and TRPV4 channel are able to strengthen NVC induced by the
K+ pathway by increasing the open probability of the BK channel and hence allowing more K+
into the PVS.
4.3.3 Nitric oxide pathway
The NO pathway is independent of the dynamics in the astrocyte. When the NO pathway is active,
the glutamate release into the SC during neuronal stimulation induces neuronal NO production.
The NO from both the neuron and EC diffuses into the SMC where it increases the production
of cGMP and eventually induces vasodilation. The Ca2+ pathway and TRPV4 channel have no
effect on the NO pathway because they only affect the astrocytic BK channel. Consequently the
Ca2+ and TRPV4 channel have a negligible effect as in the case without NO (Figure 17) and do
not strengthen NO induced NVC.
4.3.4 All pathways
The accumulative effects of all four model pathways (K+, NO, astrocytic Ca2+, and the TRPV4
channel) on the vascular response (i.e. the arteriolar radius) are shown in Figure 19. The K+ path-
way (dotted line) has fast radial dynamics that begin 3 seconds after neuronal stimulation begins,
reaching the maximal radius in approximately 30 seconds. The radius then slightly decreases be-
fore reaching a steady state approximately 100 seconds after stimulation starts. However there is
also rapid decay almost directly after stimulation ceases, with the radius reaching the baseline
within 30 seconds.
When only the NO pathway is active (dashed line) the radial baseline is 23.2 µm, 18% higher
due to the vasodilatory effect of the NO continuously produced in the EC. In contrast to the K+
pathway the dynamics are much slower and the response is delayed. The vascular response to
neuronal stimulation begins approximately 8 seconds after stimulation starts. The radius continu-
ously increases at a slow rate until approximately 15 seconds after stimulation has ceased. The
radius profile then slowly decays, reaching the baseline after approximately 150 seconds.
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Figure 19: The effects of both K+ and NO pathways with the astrocytic Ca2+ pathway and TRPV4 channel
on the arteriolar radius.
When both the K+ and NO pathways are active (dot-dashed line) the radius experiences a fast
initial increase for approximately 30 seconds, before continuously increasing at a slower rate until
approximately 5 seconds after stimulation ceases. The radius then slowly decreases back to the
baseline over approximately 150 seconds.
When all four components are active (K+, NO, Ca2+ and TRPV4, solid line), the radius increases
at a fast rate for approximately 40 seconds, reaching a higher initial maximum than the case
without Ca2+ and TRPV4. The radius continues to slowly increase and reaches a slightly higher
maximal radius approximately 5 seconds after stimulation ceases, and the radius decays to the
baseline over 150 seconds. Hence the Ca2+ pathway and TRPV4 channel increase the maximal
radius of the vascular response due to their effects on the astrocytic BK channel which in turn
strengthen the K+ induced NVC pathway.
4.3.5 Ca2+ induced vasoconstriction
Various studies have suggested that, in contrast to glutamate induced NVC where a moderate
increase in Ca2+ concentration can cause vasodilation, larger increases in Ca2+ can result in vaso-
constriction [68, 52, 51]. As an example, Du et al. [51] performed experiments with glutamatergic
neurons which exude only glutamate upon activation. They suggest that NO and the neuropeptide
vasopressin mediate NVC through different pathways. Vasopressin leads to a rapid and signific-






Figure 20: The effects of high astrocytic Ca2+ concentration Cak via increased IP3 induced Ca2+ release
(Jmax) in the astrocyte. a) astrocytic Ca2+ concentration, b) open probability of the BK channel
wk, c) the component vk − EBK of the BK flux, and d) the perivascular K+ concentration Kp.
of Ca2+ (through the release of vasopressin) results in vasoconstriction, NO causes vasodilation,
and when released together there is brief vasodilation followed by constriction.
As Du et al. [51] studied glutamatergic neurons specifically, the rates of various ion channels and
amount of Ca2+ released during stimulation may differ from the generic NVU model presented
here. To account for this, the maximum rate Jmax of the IP3R Ca2+ channel on the ER is varied in
order to simulate much larger releases of Ca2+ from the ER into the astrocyte. However, as shown
in Section 4.3.1, in the model increased Ca2+ levels have a negligible effect on the radius without
the astrocytic depolarisation caused by the K+ pathway. In fact, even unphysiologically high Ca2+
levels of over 4 µM still have no significant effect (results not shown). Therefore the effects of high
Ca2+ are examined with the K+ pathway active. The behaviour of the NVU in response to high
astrocytic Ca2+ concentration with all components active is shown in Figure 20.
By increasing Jmax by a factor of 5, the Ca2+ concentration Cak during stimulation increases
up to 0.6 µM. Whereas increasing Jmax by a factor of 10 causes Cak to increase up to 0.8 µM.
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This Ca2+ concentration is at a similar level to that in the experiment of Girouard et al. [68] which
induced vasoconstriction (see Figure 13). As the astrocyte is depolarised from the K+ pathway,
this high Ca2+ level causes the BK channel to almost fully open (wk almost 1). Consequently the
BK flux has a high initial magnitude of K+ moving into the PVS. But this means that the BK
Nernst potential EBK is quick to increase due to the fast increase in perivascular K+ concentration,
so that the term vk − EBK becomes smaller more quickly. Hence the BK flux will be quick to
decrease in magnitude. Conversely, when the open probability is low, the BK flux has a lower
initial magnitude and EBK takes longer to increase, so the BK flux will take longer to decrease in
magnitude.
Therefore if the channel is only slightly open, the K+ flux will be of lower magnitude over a
longer time, whereas if the channel is almost fully open the K+ flux will be of higher magnitude
over a shorter time. Regardless, over the period of stimulation the total amount of K+ through the
BK channel will be almost the same, so the effect of increasingwk is minor. Hence while increasing
the Ca2+ levels increases the open probability of the BK channel, the effect is counteracted by the
fast increase in Nernst potential.
These results show that in the model the only way to significantly increase the amount of K+
going through the BK channel in order to cause further dilation or vasoconstriction is by increasing
the astrocytic membrane potential vk further; increases in astrocytic Ca2+ alone are not sufficient.
This suggests that either there is some important component missing from the model, or that the
increase in astrocytic Ca2+ that occurs at the same time as vasodilation or constriction is irrelevant
to the vascular response of NVC.
4.4 discussion
The addition of astrocytic Ca2+ and the TRPV4 channel to the foundation model of Dormanns
et al. [47] allows for a comparison of the contribution of various different pathways present in the
NVU (K+, NO, astrocytic Ca2+, and the TRPV4 channel). Changing the BK submodel parameters
to fit the astrocyte dynamics rather than neuronal dynamics results in a more physiologically
realistic open probability that naturally ranges from 0 to 1 rather than 0 to 0.002.
The K+ signalling pathway induced by neuronal K+ release governs the fast onset of vasodila-
tion during neuronal stimulation, while the NO signalling pathway induced by neuronal glutam-
ate release is responsible for maintaining the dilation longer with a slow decline to the basal state
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following stimulation. The NO produced in the EC increases the basal radius due to constant WSS
induced eNOS production.
The TRPV4 channel provides a bidirectional signalling pathway between the astrocyte and the
vasculature. The pathway results in an increase in astrocytic Ca2+ concentration proportional to
the level of vasodilation during neuronal stimulation.
The astrocytic Ca2+ pathway induced by glutamate results in a significant increase in the astro-
cytic Ca2+ concentration up to levels consistent with the experimental results of Girouard et al.
[68], but the effect on the astrocytic BK channel (mediated by Ca2+, EET and strongly mediated
by membrane potential) is negligible on the basis of the model. When the TRPV4 channel is active
alongside the Ca2+ pathway there is a slight increase in the astrocytic Ca2+ concentration, but the
effect is minimal as the channel is stretch dependent and the radius change is small. Even with
an unrealistically high Ca2+ concentration, the magnitude of the BK flux is still insignificant to
induce either vasodilation or constriction. This is because according to the model the magnitude
of the BK flux is strongly dependent on the astrocytic membrane potential, but the membrane
potential has little to no change from the Ca2+ pathway and TRPV4 channel.
Figure 21 demonstrates how the BK flux changes with both astrocytic Ca2+ (Cak) and the mem-
brane potential (vk). Note the small scale on Figure 21a. Recall that at the resting state the NVU
has Cak = 0.14 µM and vk = −86.5 mV. Increasing Cak from 0.14 µM even up to unrealistically
high concentrations of 0.9 µM (while keeping vk at the resting state of −86.5 mV) produces only
a very small increase in flux. Whereas increasing vk from the resting state up to the stimulated
state at −60 mV (while keeping Cak at the constant resting state at 0.14 µM) produces a large
increase in flux. Therefore it is clear that, in the model with astrocytic Ca2+ and EET signalling,
the astrocyte must depolarise in order for the BK channel flux to increase in magnitude. Hence
astrocytic Ca2+ with EET signalling does not produce any noticeable vascular response, and on
the basis of the model this pathway is insufficient for NVC.
However when the K+ signalling pathway is active, the release of neuronal K+ results in as-
trocytic depolarisation. Consequently the open probability of the BK channel increases and the
magnitude of the BK flux is large (see Figure 21), resulting in vasodilation. When the Ca2+ path-
way and/or TRPV4 channel are activated alongside the K+ pathway, the high astrocytic Ca2+ and
EET concentrations have a noticeable effect on the open probability of the BK channel, opening
the channel further and providing a larger flux of K+ into the PVS. This results in a significant





Figure 21: The effect on the BK flux of a) astrocytic Ca2+ (Cak) when the astrocytic membrane potential
(vk) is at a constant resting state of −86.5 mV, and b) vk when Cak is at a constant resting state
of 0.14 µM.
When the astrocytic Ca2+ pathway and TRPV4 channel are activated alongside the NO pathway,
there is no difference in the vascular response to neuronal stimulation. The Ca2+ pathway and
TRPV4 channel affect the astrocytic BK channel, but the NO pathway is essentially independent
of the dynamics in the astrocyte.
When all pathways present in the model are active, during neuronal stimulation the arteriolar
radius increases by approximately 20% from the baseline value. This increase is consistent with
experimental results such as those of Chen et al. [28], who observed rapid dilation of 17− 29%
upon fore and hind paw stimulation.
In summary, on the basis of the model, by themselves astrocytic Ca2+ and EETs have no signific-
ant effect on the BK channel and hence no effect on the vasculature. Due to the high dependence
of the BK channel on the membrane potential, the astrocyte must depolarise (for example through
the K+ signalling pathway) in order to produce a significant K+ flux into the PVS and provide a
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vascular response. Only then can astrocytic Ca2+ enhance the vascular response by opening the
BK channel further.
There are conflicting views on the importance of the astrocytic Ca2+ pathway in the literature.
Dunn et al. [52], Girouard et al. [68] and Filosa et al. [59] among others claim that Ca2+ is an
important factor for NVC. However, Gordon et al. [76] state that there are problems regarding
the data interpretation presented by Filosa et al. [59]. One such problem is that the thrombox-
ane A2 agonist U46619 used in their experiments increases extracellular PgE2 [75], engaging the
prostaglandin pathway and shifting the balance of other pathways to be observed.
In addition, Otsu et al. [138] using genetically encoded Ca2+ sensors in astrocytes examined
NVC in the olfactory bulb. Their results indicated only small Ca2+ concentrations are seen in
the astrocyte and even then are in the processes rather than the astrocyte body. However these
increases were extremely small. They observed vasodilation so it may be that these small Ca2+
transients come from the stretch dependent TRPV4 channel which are situated on the astrocytic
processes. In addition the adult mice that were part of the experiment do not have the mGluR
receptor, so IP3 is most likely unavailable for intracellular Ca2+ release. Overall their results seems
to suggest that K+ is the main NVC mechanism.
One possible reason for the discrepancy in results between the work presented here and exper-
imental data is that, in all papers mentioned prior, the astrocytic K+ concentration or membrane
potential are not explicitly measured. Therefore it is possible that experiments showing vasodila-
tion or vasoconstriction following astrocytic Ca2+ increase may be ignoring the contribution of
K+ or the astrocytic membrane potential towards the vascular response. Consequently the results
of this chapter can be considered consistent with those of Girouard et al. [68] and others as they
say nothing about the influence of astrocytic K+ or membrane potential. This highlights one of the
key benefits of mathematical modelling, namely the ability to examine specific components and
measure quantities that are difficult or impossible to measure experimentally.
4.5 conclusions
Although NVC has been widely studied the exact mechanisms that mediate this response remain
unclear; in particular the role of astrocytic Ca2+ is controversial. Mathematical modelling can be a
useful tool for investigating the contribution of various signalling pathways towards NVC and for
analysing the underlying cellular mechanisms. The lumped parameter model of a neurovascular
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unit with both K+ and NO signalling pathways and comprised of neurons, astrocytes, and vascu-
lar cells has been extended to include the glutamate induced astrocytic Ca2+ pathway with EET
signalling and the stretch dependent TRPV4 Ca2+ channel on the astrocytic endfoot.
Results show that the K+ pathway governs the fast onset of vasodilation while the NO pathway
has a delayed response, maintaining dilation longer following neuronal stimulation. Increases in
astrocytic Ca2+ concentration via the Ca2+ signalling pathway and/or TRPV4 channel to levels
consistent with experimental data are insufficient for inducing either vasodilation or constriction,
in contrast to a number of experimental results. It is shown that the astrocyte must depolarise
in order to produce a significant K+ flux through the astrocytic BK channel. However astrocytic
Ca2+ is shown to strengthen K+ induced NVC by opening the BK channel further, consequently




E X P E R I M E N TA L M O D E L VA L I D AT I O N : C E R E B R A L
B L O O D F L O W A N D T H E B O L D R E S P O N S E
5.1 introduction
During the last two decades functional magnetic resonance imaging (fMRI) has proven to be
an established tool in studying the human brain. This is especially true in the case of the blood-
oxygen-level dependent (BOLD) signal, where changes in blood oxygen (O2) levels can be detected
[136]. However due to the constraint on the resolution of BOLD, fMRI methodology has not been
used extensively to study the underlying cellular neural architecture and their associated cerebral
functions. Complex models that address this important relationship and constructing a detailed
compartmental model with the relevant cell types involved will allow simulations relating certain
brain functions performed in a region to its fMRI BOLD response. The neurovascular coupling
(NVC) mechanism, the cerebral metabolic rate of O2 consumption (CMRO2), and the cerebral
blood volume (CBV) are known to contribute to the fMRI BOLD response [19], however a thorough
understanding of these factors has yet to be fully established.
The BOLD response is sensitive to the changes in cerebral blood flow (CBF), CMRO2, and CBV,
the set of physiological responses that are referred to collectively as the hemodynamic response to
activation. CBV is defined as the volume of blood in a given amount of tissue (usually measured
as mL of blood per 100 g of tissue) and can be calculated as a function of CBF. Following increased
neural activity in the brain, the local CBF increases much more than the CMRO2, and as a result
the O2 extraction fraction (OEF) decreases with activation [62]. Because the local blood is more
oxygenated, there is less deoxyhemoglobin present, the magnetic field distortions are reduced,
and the local MR signal increases slightly. This small BOLD signal change is the mapping signal
used in most fMRI applications [19].
In this chapter the single neurovascular unit (NVU) model presented in Chapter 4 is extended
with a complex neuron submodel based on the work of Mathias et al. [122]. This submodel details
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the dynamics in the soma/axon, dendrite, and extracellular space (ECS) and is extended to include
an additional sodium (Na+) channel expressed in the neuron. The model is also extended with a
fMRI BOLD submodel along with the associated metabolic and blood volume responses.
This present model is based on the hypothesis that the potassium (K+) signalling mechanism
of NVC is the primary contributor to the vascular response and the sodium potassium (Na+/K+)
exchange pump in the neuron is the primary consumer of O2 during neural activation. The sim-
ulated CBF change is compared to that of experimental data from Zheng et al. [174] from the
rat barrel cortex and provided a simulation of the associated BOLD signal. The motivation for
the comparison between simulated and experimental CBF changes in the cortex is primarily for
model validation, as well as to investigate whether the neurovascular response due to the assumed
primary K+ signalling mechanism for a hippocampal neuron model is sufficient to represent the
blood flow response in any other region.
5.2 model development
This section details the extensions to the single NVU model, in particular the addition of the
complex neuron submodel and the BOLD response. Subsections 5.2.1 and 5.2.2 are the work of
Dr. Elshin Mathias (see Mathias et al. [121]) and are included here for reference; all subsequent
sections in this chapter are the work of the author of this thesis, Allanah Kenny. A schematic
diagram of the proposed model is found in Figure 22, and all relevant equations and parameters
can be found in Appendix A.6.
5.2.1 The neuron model
The neuron model of Mathias et al. [122] was based on the model of Chang et al. [26]. They
had only considered ion channels that contribute to cortical spreading depression (CSD) and
hence did not include the voltage dependent transient Na+ (NaT) channel which is one of a
number of primary Na+ channels in neurons. The effect of not including this channel on the
neural membrane potential dynamics is substantial as its gating properties enable action potential
generation. To quantify the effects of neural activity on the BOLD signal, Mathias et al. [121]
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Figure 22: A schematic representation of the proposed NVC model with added neuron/ECS dynamics and
the BOLD signal. Neuronal activity is initiated by a current I(t) leading to neuronal depolarisa-
tion and an efflux of K+ from the neuron into the ECS and SC. The increase in synaptic K+
concentration leads to an influx of K+ into the astrocyte and consequent efflux into the PVS
through the big potassium (BK) channel on the astrocytic endfoot [5]. The rise in perivascular
K+ concentration leads to a further influx of K+ through the inward rectifying K+ (KIR) channel
from the SMC into the PVS, hyperpolarising the SMC membrane and closing the voltage oper-
ated calcium (Ca2+) channels (VOCCs) preventing an influx of Ca2+ [59]. The decrease in Ca2+
concentration relaxes the SMC via actin-myosin cross bridge formation, dilating the vessel which
results in increased blood flow [130]. This behaviour may change in response to varied stimuli or
pathological conditions. SC: synaptic cleft, AC: astrocyte, PVS: perivascular space, SMC: smooth
muscle cell, SR: sarcoplasmic reticulum, EC: endothelial cell, ER: endoplasmic reticulum, LU:




neural activation, restoration of ionic gradients and consumption of the Na+/K+ ATPase pump.
The model assumes no interaction between the ECS and the vasculature, synaptic cleft (SC) or
astrocyte (only extracellular K+ buffering).
The neuron is divided into two components: the soma/axon (including the main cell body and
pre-synaptic terminal) and the dendrite. The model also includes the post-synaptic terminal of an
adjacent neuron containing a N-methyl-D-aspartate (NMDA) receptor channel used in the nitric
oxide (NO) submodel described in Chapter 4.


















(vsa − vd) (5.2)
where Cm is the membrane capacitance, Ra is the input resistance of the dendritic tree, δd is the
half length of the dendrite, Iinput is a time dependent rectangular input function which stimulates
the neuron, and Itot∗ is the sum of all currents into the compartment. The ion concentrations (K
+,


















([ion]sa − [ion]d), (5.4)
where As,Vs,Ad,Vd are the surface area and volume of the soma/axon and dendrite compart-
ments respectively, Iion,tot∗ is the sum of all currents of a particular ion into the compartment,
and Dion,n is the ionic intracellular diffusion rate.
The soma/axon compartment of the model contains a persistent Na+ (NaP) channel, delayed
rectifier K+ (KDR) channel, transient K+ (KA) channel, NaT channel, and K+ and Na+ leak chan-
nels. The dendrite compartment also contains these channels (except the NaT) as well as an NMDA
receptor mediated channel which allows a flux of both K+ and Na+. The leak channels are mod-
elled by a Hodgkin-Huxley equation given by
Iion,∗,leak = gion,leak (v∗ − Eion,∗) , (5.5)
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where ∗ is either sa for somatic or d for dendritic, gion,leak is the channel conductance, and v∗











where φ = RgT/F (Rg is the universal gas constant, T is absolute temperature, and F is Faraday’s
constant), zion is the ionic valence, and [ion]e is the ion concentration in the ECS. The cross-
membrane currents of the remaining ion channels are modelled using the Goldman Hodgkin



















where p and q are channel dependent parameters. The fraction of activation and inactivation gates




= (αm(1−m) −βmm) (5.8)
dh
dt
= (αh(1− h) −βhh) . (5.9)
The open rates αm,αh and close rates βm,βh are functions that are channel dependent (see the
Appendix A.6).






























where fe is the volume ratio between the ECS and the neuron. A phenomenological K+ buffer is
added to regulate K+ concentration in the ECS (Ke), where the rate of change of buffer Buffe is
given by the differential equation
dBuffe
dt






) − µBuffe (5.12)
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where B0 is the initial buffer concentration.
5.2.1.1 The tissue O2 submodel
Oxygen is delivered to the neuron via the perfusing arteriole and is a function of the arteriolar
radius, the blood flow rate and the O2 concentration in the blood. It is assumed that the main
component of O2 consumption in the neuron is the Na+/K+ exchange pump and is a function
of the intracellular Na+ (both dendrite Nad and soma/axon Nasa) and the extracellular K+ (Ke)
concentrations. The tissue O2 concentration (O2) is given by
dO2
dt
= JO2 vascular − JO2 background − JO2 pump. (5.13)
The vascular supply of O2 is given by




where J is the change in O2 concentration due to CBF described in Eq. (5.24), O2b is the arterial
oxygen concentration at steady state, and O20 is the baseline tissue oxygen concentration. The
background O2 consumption is given by
JO2 background = J0PO2(1− γO2), (5.15)
where J0 is the equilibrium change in O2 concentration due to CBF, PO2 is the normalised
Na+/K+ pump rate described below, and γO2 is the fraction of O2 consumed by the Na+/K+
pump. The consumption of O2 by the Na+/K+ ATPase pump which is active during neural activ-
ation is given by




where Jpump1sa , Jpump1d are the O2 independent terms of the Na
+/K+ ATPase pump in the
soma/axon and dendrite respectively (described below), and Jpump1sa0 , Jpump1d0 are their re-







where Jpump2 is the oxygen dependent term of the ATPase pump described below. The O2 inde-












where ∗ is either sa for somatic or d for dendritic, and Ke,0 and Na∗,0 are the baseline concen-
trations of extracellular K+ and intracellular Na+ respectively. This expression describes that the
action of the pump depends on the concentrations of extracellular K+ and intracellular Na+. The
second term of the ATPase pump represents the O2 dependent production of adenosine triphos-








where α is the percentage of ATP production that is independent of O2. This expression indicates
that the pumping rate will be reduced whenever there is a decrease in the O2 level in the tissue.
The total current due to the Na+/K+ exchange pump in the soma and dendrite is given by
I∗,pump = ImaxJpump1∗(Ke,Na∗)J∗,pump,2(O2) (5.20)
where ∗ is either sa for somatic or d for dendritic and Imax is the maximum pumping rate of the
pump. The K+ and Na+ pump currents in the soma and dendrite are then given by
I∗,K,pump = −2I∗,pump (5.21)
I∗,Na,pump = 3I∗,pump (5.22)
where ∗ is either sa for somatic or d for dendritic.
The blood flow in the perfusing arterioles can be modelled as Poiseuille type [172] where the
volume flow rate is proportional to the perfusing arterial radius to the fourth power. The CBF is






where R0 and CBF0 are the steady state values of the perfusing arteriolar radius and CBF re-
spectively. The equation for the radius R is given by the numerical model described in the earlier
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chapters. J is the rate of change in O2 concentration in the blood due to CBF for neuronal activation





In this case J0 is the rate of change in O2 concentration under non-activated conditions. The
CMRO2 is given simply by the sum of the consumption of O2 by the pump and other active
processes
CMRO2 = JO2 background + JO2 pump (5.25)
For further details on the neuron and tissue O2 submodel see Mathias et al. [122]; all equations
and parameters are also presented in Appendix A.6.
5.2.2 The BOLD model
The simulation of the BOLD signal is based on the work of Buxton et al. [19] and is used to provide
a time-dependent response determined by the NVC model. The response depends on the changes
in CBF, CMRO2 and CBV and is based on the experimental finding that CBF increases 2− 3 times
more than the CMRO2, decreasing the O2 extraction fraction [62, 90] and providing a variable
delay in CBF and BOLD responses after the stimulus. The model simulates the experimental
observations such as the initial "dip" and the post stimulus undershoot. The initial dip is a transient
decrease in the BOLD signal generally believed to originate from a change in oxygenation (due
to an increase in metabolism) prior to any increase in CBF. This initial dip has been reported in a
variety of studies [92] but there are conflicting views about the associated mechanisms and due to
its elusive nature the existence of the initial dip is still under debate [91].
The model uses normalised CBF and CMRO2 profiles derived from the NVC model considering
the venous compartment as a balloon and describing the non dimensionalised deoxyhemoglobin
(HbR), and CBV, by mass conservation equations [20, 19]. The rate of change of HbR concentration
is simply the difference between that generated by the consumption of O2 by the neuron and that

















where the quantity CMRO20 is the steady state value of CMRO2. Here τMTT is the mean transit
time (MTT) defined as the time a specified volume of blood spends in the capillary circulation. The
MTT is assumed to be constant and is estimated by the ratio between the resting venous volume
fraction and steady state blood flow.
The rate of change of CBV is the difference between the non-dimensional blood flow into a













The time-dependent outflow fout from the venous compartment which is transiently different
from CBF is composed of two parts, namely the relationship between blood flow and the blood
volume and the rate at which the blood volume changes due to viscous effects of the vessel wall.







where d gives an empirical relationship between blood flow and volume, and the transient adjust-
ment required is controlled by the time constant τ.





where E0 is the steady state value of the extraction fraction of O2. The BOLD signal change from
its steady state value is a linear combination of the normalised HbR content (normalised with
respect to its initial steady state value, denoted HbRN) and normalised venous volume (similarly
given by CBVN) so that
BOLDsignal = V0[a1(1−HbRN) − a2(1−CBVN)] (5.30)
where V0 is the resting venous blood volume fraction of the tissue voxel, and a1,a2 are dimension-
less parameters based on several experimental and physiological conditions [134]. To correspond
with definitions used in other publications the plotted BOLD signal is defined as a percentage










where BOLDrest is the BOLD signal during the resting state.
Given the numerical values of HbR, CBV and fout, time dependent profiles can be derived for
both normalised oxyhemoglobin (HbO) and normalised total hemoglobin (HbT). HbTN can be





where CBF and CMRO2 are defined in Eq. (5.23) and (5.25) respectively. Finally the normalised
HbO content is determined by conservation such that
HbON = HbTN −HbRN + 1 (5.33)
5.2.3 Integration with the NVU model
The neuron model developed by Mathias et al. [121, 122] is integrated into the single NVU model
described in the earlier chapters. As the neuron model of Mathias et al. [121] based on the work of
Chang et al. [26] already contained a complex ECS compartment submodel, the simple ECS com-
partment described in Chapter 3 has been replaced. Hence the previous equation for extracellular
K+ (Eq. (3.5)) is replaced with Eq. (5.10), and the flux Jdiff (Eq. (3.1)) has been removed.
The glutamate input Glu(t) is replaced by a function Glu(Ke) based on the assumption that
glutamate is released when extracellular K+ (Ke) levels are raised [99]. The glutamate concentra-











where Glumax is the maximum glutamate concentration corresponding to the release of one ves-
icle, Keswitch is the threshold past which glutamate is released, and Gluslope is the slope of the
sigmoidal function.
For the neuron model to communicate with another neuron and to facilitate synaptic transmis-
sion (when functioning normally by spiking or bursting), the action potential has to travel along
the axon until it reaches the synapse. This causes ionic efflux and influx at the SC which can
then communicate with the astrocyte effectively as the astrocytes express a high density of ion
channels near the synapses [132]. In the NVU model the flux of K+ from the neuron into the SC
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and opposite flux of Na+ from the SC to the neuron are modelled via an input function K(t). This
is modified so that the coupling between the astrocyte and the neuron is done by assuming that
the flux from the neuron into the synaptic space is equal to fraction of the scaled flux from the
neuron into the ECS. The scaling factor ksyn is given by the ratio of the extracellular volume (Ve)
to synaptic volume (Vs) multiplied by the fraction fAS of synapses activated near the astrocytic












Rs − JNa+,SC→AC, (5.36)
where Rs is the volume to area ratio of the SC compartment, Jion,SC→AC is the net flux of ions
from the SC to the astrocyte as defined by the NVU model described in earlier chapters, and ksyn
is the scaling factor which represents the total volume of synapses which are associated with an
astrocyte process.
Neuronal activity is initiated by a current Iinput leading to neuronal depolarisation and an
efflux of K+ from the neuron into the ECS and SC. The increase in synaptic K+ concentration
leads to an influx of K+ into the astrocyte and consequent efflux into the perivascular space (PVS)
through the BK channel on the astrocytic endfoot [5]. The rise in perivascular K+ concentration
leads to a further influx of K+ through the KIR channel from the smooth muscle cell (SMC) into
the PVS, hyperpolarising the SMC membrane and closing the VOCCs preventing an influx of
Ca2+ [59]. The decrease in Ca2+ concentration relaxes the SMC via actin-myosin cross bridge
formation, dilating the vessel which results in increased blood flow [130]. This behaviour may
change in response to varied stimuli or pathological conditions.
5.3 comparison of experimental cortical cbf data with vary-
ing stimulus conditions
Zheng et al. [174] performed NVC experiments by stimulating the rat barrel cortex and investig-
ated the results using concurrent multichannel electrophysiology and laser Doppler flowmetry. To
investigate if the proposed model can be utilised with other areas of the brain, the simulated CBF
change of the model is compared to the experimentally derived CBF change in the rat barrel cortex
using the data of Zheng et al. [174] for different stimulus conditions. For these experimental data
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electrical stimulation of the whisker pad was delivered in 5 Hz trains with each pulse having an
intensity of 1.2 mA and an individual pulse width of 0.3 ms (see Figure 23). CBF measurements
were made by a laser doppler probe inserted in the animal’s cortex at an average depth equivalent
to layer IV.
Experimental protocols were designed to have a conditioning block (CS) of stimulation followed
closely in time by a probing block (PS) separated by an inter-stimulus interval (IBSI) for each trial.
This particular protocol was used to investigate neural adaptation and recovery characteristics
and was chosen to ensure that any mathematical models of NVC were capable of simulating
the CBF response with respect to not only the conditioning block but also the probing block of
stimulation, whose onset occurs well within the return-to-baseline period of the CBF response to
the conditioning block. The experiment used up to 11 animals with each trial performed up to
10 times covering 21 different conditioning and probing block protocols. The experimental data
shows a considerable variation in peak CBF values with a standard deviation sometimes being up
to 100% of the average signal (see Figure 24). This indicates that there exists a substantial variation
between animals in terms of their neuronal activity, however the rate at which CBF changes occur
vary by no more than approximately 25− 30%. The NVC model is stimulated with a variety of





















Figure 23: Normalised current profiles of Zheng et al. [174] for a) CS = 8 s and b) CS = 16 s. For both figures
IBSI = 8 s, PS = 1 s. The current profiles exhibit a large spike at the beginning of stimulation
followed by a drop to approximately 60% of the initial strength.
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a) b)8s 16s
Figure 24: Averaged (over animal and trial) fractional change in CBF observed in the experiments of Zheng
et al. [174] for a) CS = 8 s and b) CS = 16 s. For both figures IBSI = 8 s, PS = 1 s. The light grey
band is ±1 standard deviation of the data.
5.3.1 Input current using neural activity data
In order to obtain a CBF profile in the model that correlates with the experimental CBF profile
of Zheng et al. [174], the experimental stimulus data (see Figure 23) is used to provide the input
current profile for the cases of CS = 8 and 16 s. The normalised current profiles in Figure 23
exhibit a large initial spike quickly followed by a lower current of approximately 50− 60% of the
initial value. Hence a large maximum current strength of Istrength = 4.2× 10−2 mA cm−2 is used
to scale the normalised input profiles so that the majority of the current input is approximately
2.4× 10−2 mA cm−2; this value is sufficient for inducing neuronal oscillations corresponding to
neuronal activity.
The numerical model has the ability to provide not only CBF but also the BOLD response and
time-dependent profiles of HbR, HbO, and HbT. Figure 25 shows the simulated BOLD signal,
hemodynamics, and CBF profiles compared with experimental CBF in the cortex from Zheng et al.
[174] for IBSI = 8 s, PS = 1 s, and CS either 8 or 16 s.
For the case of CS = 8 s (Figure 25a, b, c) the simulated CBF provides reasonable agreement
with the experiment where the initial rate of increase of the blood flow is simulated reasonably
well, however the return to basal levels takes longer than the experimental data suggests. This
may be due to a number of reasons. One possibility as noted below is the inactivation variable of
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Figure 25: (a,d) CBF profiles (solid line) compared with experimental CBF (dashed line) in the cortex from
Zheng et al. [174], (b,e) simulated BOLD signal, (c,f) hemodynamics. Top row: CS = 8 s, bottom
row: CS = 16 s. For all figures IBSI = 8 s, PS = 1 s. The soma of the neuron is stimulated with a
depolarising current with profile (green) given by Zheng et al. [174].
the NaP channel. Another possibility is the vessel dynamics since the original data for the radius
parameters utilised a porcine carotid artery, whereas the murine dynamics may be much faster.
The associated BOLD response for CS = 8 s shows an initial negative signal (occurring for half
the stimulation period) followed by a positive and then a slightly larger second positive signal,
out of phase with the experimental and simulated CBF. The initial dip is due to the metabolic
rate increasing before the radius of the perfusing vessel has changed significantly. This then forces
the resulting peak BOLD signals to be approximately 2.5 seconds later than the experimental CBF.
The BOLD signal returns to baseline after approximately 30 seconds after the PS simulation due
to (possibly) the long characteristic time of the inactivation variable of the NaP pump.
The hemoglobin profiles for CS = 8 s show as expected an increase in HbR during the short
stimulus period since the radius has yet to increase, with a concomitant decrease in HbO. After
approximately 2 seconds HbO increases by 12% where the delay compares very well with the
work by Boas et al. [13]. This delay is primarily caused by the rate at which the vasculature reacts
to neuronal stimulation and is effectively a constant derived from the vessel wall mechanics and
SMC Ca2+ concentration. During the 2 seconds post stimulus HbT reduces by approximately 5%.
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Although this is rarely seen in experiment it is a consequence of the conservation of hemoglobin
as given by Eq. (5.33). Post stimulus undershoot exists for both HbO and HbT whilst the converse
is evident for HbR. Again this correlates well with experimental results (see Figure 2 of Boas et al.
[13]).
For the case of CS = 16 s (Figure 25d, e, f) the initial rate of change of simulated CBF compares
very well with the experimental data, however as in the previous case the first peak CBF value
is higher (approximately 10% in this case). The simulated CBF profile does not show a 2nd local
maximum in the profile compared to the experiment; instead the CBF profile reduces immediately
after the peak.
The corresponding BOLD profile again has the initial dip occurring during the 16 s CS period
but only for 30% of the period. Indeed the time for the BOLD initial dip is the same for the two
cases of CS and indicates the phase lag between the production of CMRO2 and the vessel dilation,
independent of the length of the conditioning block.
The increased oxygenated blood produces a second peak of BOLD signal. The probing block
stimulation produces a third peak of BOLD followed by a slow return to baseline, again occurring
because of excess K+ in the ECS. As in the previous case of CS = 8 s, post stimulus HbT and HbO
reduces as CMRO2 increases before the NVC effect dominates. The time over which HbT reduces
is similar to that found for the 8 s simulation.
For the neuron model used in these simulations the neuron develops high frequency oscillations
in the membrane potential during stimulation (as one would expect for this model) which is
reflected in the time-dependent CMRO2 profile, and hence these oscillations are also shown in the
profile of HbT (Figure 25c, f).
5.3.2 Input current utilising the locus coeruleus pain pathway
In its present form the model could not replicate the second local maximum in the profile of the
experimental CBF. Zheng et al. [174] suggested that this form was due to the combined effects of
a contraction and dilation of the perfusing vessels - the dilation caused by excitatory postsynaptic
potential (EPSP) and constriction by inhibitory postsynaptic potential (IPSP) (no experimental
evidence for this hypothesis has been found). NO might be a possible player in the formation of
the second maximum in the profile [125], however sensitivity analysis (data not shown) indicated
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that this was not the case (it could produce the required increase after stimulation but its effects
continued too far in time after the end of stimulation).
The experimental stimulation protocol of 16 s is quite long whilst the current injection of 1.2
mA is relatively high. It is possible that an additional pathway from the whisker pad to the soma-
tosensory cortex is being utilised during the stimulation. This pathway is hypothesised to include
the locus coeruleus (LC) and recruits a network of both cortical excitatory and inhibitory neurons
resulting in substantial cortical activity and increased CBF, essentially a neuromodulatory effect.
Work by Toussay et al. [162] showed that the noradrenalin locus coeruleus (LC-NA) pathway activ-
ated both pyramidal and interneurons whilst noting that noradrenalin does not have a significant
effect on SMCs. In the light of this, from a purely phenomenological viewpoint an additional
stimulation current is introduced that models the temporally increasing activity of pyramidal and
interneurons.
The LC stimulus is approximated via a polynomial function as follows:
ILC(t) =

0.0006t2 + 0.1, for t0 6 t < t0 +∆t
0.1, for t1 6 t 6 t1 + 2
0, otherwise
(5.37)
where t0 is the start time of stimulation, ∆t is the initial stimulus duration (either 2, 8 or 16 s), and
t1 is the start of the second stimulus (either 0.6, 1, 2, 3, 4, 6, or 8 s gap from the end of the first
stimulus).
The total stimulation current Itotal is the linear combination of the initial (whisker pad) stimu-
lation IWh and the LC-NA pathway ILC given by
Itotal(t) = αIWh(t) +βILC(t) (5.38)
where α and β are scaling parameters, in this case set at 1. The three currents are shown in Figure
26. This current profile is scaled by the maximum current strength given by Istrength = 3.5× 10−2
mA cm−2.
Figure 27 shows CBF, BOLD and hemoglobin profiles for a 16 second CS stimulation where the
input stimulation current is given by the total current Itotal given by Eq. (5.38). The CBF simula-
tion profile now correctly follows a double maximum shape, however (as in the previous cases)


























Figure 26: Normalised time profiles of the currents for LC-NA pathway ILC(t) (given by a simple polyno-
mial function), whisker pad stimulation IWh(t) (experimental profile given by Figure 5 of Zheng
et al. [174]) and total current Itotal(t). CS = 16 s, IBSI = 8 s, PS = 1. The actual input current is























Figure 27: (a) CBF profile (solid line) compared with experimental CBF (dotted line) in the cortex from
Zheng et al. [174], (b) simulated BOLD signal, (c) hemodynamics. CS = 16 s, IBSI = 8 s, PS = 1 s.
The soma of the neuron is stimulated with a depolarising current (green) with profile given by
Itotal.
The CBF is therefore of substantial size during the "quiescent" period between CS and PS stimula-
tions, the consequence of which is an enlarged BOLD signal during this period. The hemoglobin
profiles are of a similar form to that found for the single stimulation current apart from the higher
values in the "quiescent" period.
5.4 discussion
The motivation for the comparison between simulated CBF and the experimental CBF changes in
the cortex is primarily for model validation, as well as to investigate whether the neurovascular
response due to the assumed primary K+ signalling mechanism for a hippocampal neuron model
is sufficient to represent the blood flow response in any other region of the cortex. The comparison
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shows that for the two stimulation periods the numerical model provides a reasonably good match
to the CBF data of Zheng et al. [174]. However for the longer stimulus the second peak of the
conditioning block is not represented well when only the experimental stimulus current is used.
Zheng et al. [174] as a result of their experiments hypothesised that the dual peak appearing
in the CBF profile for stimuli of 16 seconds was due to "competing" dilation and constriction
components of the NVC phenomenon. They cited both Filosa and Blanco [57] and Metea and
Newman [125] as showing that there existed simultaneous dilation and constriction functions.
They indicated that both epoxyeicosatrienoic acid (EET) and 20- hydroxyeicosatetraenoic acid (20-
HETE) could be working at the same time but no evidence exists to show that the two pathways
have a time lag. The model of Zheng et al. [174] was developed from a third order system to
"prevent oscillations in the output". No physiological data was used to support the third order
system model. By the use of impulse response functions they reduced their parameter set from 9
to 3 varying parameters, and using the CBF data, fitted these parameters to the data. Their results
showed the fitted and experimental data but did not show the associated functions for dilation or
constriction. This would have given some indication as to whether the system was operating in a
physiologically correct sense.
An alternative hypothesis is put forward in that it is assumed that there exist two sensory
pathways due to the prolonged stimulation and the relatively large current used to stimulate the
whisker pad of the animal. Using a phenomenological representation of the LC-NA pathway and
combining that with the experimental input stimuli the numerical model simulation provides a
good comparison with the experimental data. However for the numerical model results, the return
to baseline of the radius (and hence CBF) is too slow. There exist a variety of reasons why this
should be, including the kinetic model of Hai and Murphy [80] and the slow release of K+ from
the ECS. Further investigation is required to understand the physiological reasons for the double
maximum profile induced by the stimulation of the murine whisker pad. It should be noted that
this phenomenon has also been observed in other experiments (see Figure 4A of Takuwa et al.
[160]).
The integration of the new neuron model has allowed for the study of the BOLD signal and
hemoglobin dynamics for short input stimulations in this chapter; however input stimulations of
longer duration produce profiles for some variables that do not correspond well with the previous
model in Chapter 4. In addition, the oscillations of membrane potential in the neuron are on the
order of milliseconds whereas the rest of the model is on the order of seconds, producing a two
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timescale problem that takes far longer to solve than the previous model in Chapter 4. These
drawbacks of the model are discussed in detail in Section 8.3.3 of Chapter 8.
5.5 conclusions
A state-of-the-art integrated model of NVC with complex neuron dynamics and the BOLD signal
is presented with the ability to simulate the fMRI BOLD responses along with the underlying
complex vascular coupling. Comparison of the model with experimental data shows good agree-
ment. The model compares well for stimuli of 8 s with the model unable to replicate the double
maximum of the experimental CBF profile for longer periods. An introduction of an additional
pathway through the locus coeruleus (on a purely phenomenological basis) provided a better
comparison with experimental data.
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T H E E F F E C T S O F A S T R O C Y T I C G A P J U N C T I O N S A N D
E X T R A C E L L U L A R E L E C T R O D I F F U S I O N O N C O RT I C A L
S P R E A D I N G D E P R E S S I O N
6.1 introduction
Cortical spreading depression (CSD) is the occurrence of slowly propagating waves of high ex-
tracellular potassium (K+) concentration (over 30− 50 mM) and neuronal depolarisation in the
grey matter of various species [115]. It typically arises in metabolically compromised tissue as
in ischemia [49] and is associated with several neurological pathologies such as migraine, sub-
arachnoid and intracranial haemorrhage, Alzheimer’s disease, stroke, traumatic brain injury, and
hypertension [69, 158, 114, 27]. Cell damage or death during ischemia results in reduced supply
of oxygen (O2) and glucose to brain cells [94]. This decreases adenosine triphosphate (ATP) pro-
duction and leads to the failure of the neuronal Na+/K+ ATPase pump, which in turn leads to
increased extracellular K+ levels, elevated neuronal sodium (Na+) concentration, cell swelling,
and neuronal depolarisation [54]. In these conditions a decrease in cerebral blood flow (CBF) is
often observed followed by a slight increase and slow return to the baseline [30, 161]. Indeed,
numerous studies have documented that small increases in extracellular K+ concentration can
lead to vasodilation, whereas high concentrations lead to vasoconstriction [72, 123, 53, 22, 113].
The massive rise in extracellular K+ to levels sufficient for depolarising adjacent cells is the main
factor for allowing the spread of depolarisation throughout the tissue [6, 54]. These waves of
depolarisation are then followed by a short period of neuronal inactivity.
Pathologies such as CSD can occur when the normal regulation of extracellular K+ fails [165].
Astrocytes are able to regulate the extracellular K+ concentration via a process known as spatial
buffering. Astrocytes can take up K+ via ion channels and distribute it further to neighbouring
astrocytes via gap junctions. The neuroprotective role of astrocytic gap junctions during diseased
states has been under debate (see Chen and Swanson [31], Chew et al. [32] for review). Some
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studies indicate that gap junction communication may increase ischemic damage by allowing the
propagation of pre-apoptotic signals between dying and viable astrocytes [116]. On the other hand,
Nakase et al. [131] demonstrated that reduced expression of Cx43 (the most widely expressed
gap junction protein) in astrocytes led to a significant increase in the size of ischemic infarcts,
suggesting that gap junctions play a critical role in the regulation and removal of ions. Ma et al.
[118] demonstrated both experimentally and numerically that a syncytium of coupled astrocytes
can distribute excess K+ and maintain a physiological membrane potential in the presence of
elevated extracellular K+ concentration.
In Chapter 3 a previous neurovascular unit (NVU) model was implemented on the macro scale
by embedding multiple NVUs in a two dimensional (2D) tissue slice. Each NVU was coupled
to its nearest four neighbours by extracellular K+ diffusion and globally coupled via a space
filling binary H-tree simulating a perfusing arterial tree (vasculature). This NVU model did not
contain the nitric oxide (NO) signalling pathway [47], astrocytic calcium (Ca2+) dynamics [105],
complex neuron/extracellular space (ECS) dynamics or the blood-oxygen-level dependent (BOLD)
response.
In this chapter, the proposed complex NVU model of Chapter 5 has been implemented on the
macro scale and extended by the addition of astrocyte to astrocyte communication via K+ gap
junctions. In addition, extracellular electrodiffusion of K+ and Na+ has been implemented rather
than the simpler approximation of Fickian diffusion. This state of the art model is the first of its
kind to be able to simulate spatial phenomena such as CSD and astrocytic spatial buffering in a
2D tissue slice while also containing the complex dynamics of the NVU. Importantly, it contains
full neuron/ECS dynamics and the vascular dynamics which in turn control the vessel radius and
hence the rate of perfusion. This is in contrast to various models detailing only the neuron/ECS
subsystem [26], neuron/astrocyte subsystem [140, 94, 35], or in particular the previous spatial
neurovascular coupling (NVC) model from Chapter 3 which did not include the complex neur-
on/ECS dynamics necessary for modelling pathologies such as CSD. In addition, the model is
embedded in a 2D tissue slice which allows for the simulation of 2D propagating wavefronts; as
CSD waves travel across the cortical surface [115], this is preferable to simpler one dimensional
(1D) models simulating a row or array of cells [26, 94, 135, 35].
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6.2 method and model development
The implementation of a tissue slice containing multiple NVUs on the macro scale is given below,
with an explanation of the two extensions to the model: extracellular electrodiffusion and astro-
cytic gap junctions. A schematic overview of communication within the tissue slice is given in
Figure 28; a schematic diagram of the single NVU model can be found in Figure 22. All relevant
equations and parameters can be found in Appendix A.7.
6.2.1 Astrocytic gap junctions
The majority of astrocytic gap junction currents are likely to be carried via K+ and chlorine (Cl−)
due to their high cytosolic concentrations [97]. Astrocytes are also known to transfer Ca2+ and
Cl− through gap junctions [143, 63]. However in the model only K+ transport is considered as
the primary interest is in spatial K+ buffering during CSD. In the model Cl− transport is not con-
sidered as the astrocytic Cl− concentration is found via electroneutrality with the other cytosolic
ions (K+, Na+, and HCO−3 ), and astrocytic Ca
2+ transport is not considered as it does not seem
to have any significant effect on the dynamics in the model as shown in Chapter 4.
The gap junction K+ flux between two compartments is modelled in the same manner as Jacob-
sen et al. [97] by using an additive electrodiffusion equation based on the Nernst-Planck equation.
This allows us to couple a NVU block to an arbitrary number of neighbours if needed. The gap
junctional flux is due to both membrane potential and ion concentration gradients between adja-
cent blocks. Note that with nonlinear systems there are often multiple forms of discretisation; the
method chosen is given below.
The Nernst-Planck equation describes the flux Jc of ion c due to both concentration gradient ∇c








where zc is the valence of ion c, F is Faraday’s constant, Rg is the gas constant, T is the temper-
ature, and D is the diffusion coefficient (assumed constant). The flux can be simplified for an
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assumed linear gradient (i.e. between two blocks) by replacing the differential terms with ratios of













where ∆x is the distance between the two blocks. Note that each block is symmetric so ∆x is
the same in both 2D coordinates. This gives the flux of ion c from block i into its neighbour j.
Assuming that the area of interface between adjacent blocks is ∆x2, the rate of change of ion






where ∆x3 is the volume of the block.
In the macro scale tissue slice model each block corresponding to a NVU has width ∆x = 124 µm
[106] and astrocytic K+ gap junctions are implemented for each block’s four nearest neighbours
(excluding diagonals) shown schematically in Figure 28. Then the total rate of change of K+ due







which takes into account each neighbour j of block i. This rate of change is added to the conser-


































The effective diffusion coefficient Dgap is dependent on the ion permeability through the gap
junction, the area of contact between the neighbouring astrocytes, and the volume-area ratio of
the astrocyte. The general ion permeability can be found in the literature as P = 5× 10−8 m s−1
[97], the area of contact between neighbouring astrocytes is taken as the astrocytic endfoot area
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Aef = 3.7× 10−9 m2 [48], and the volume-area ratio of the astrocyte is given by Rk = 6× 10−8 m





where Dgap = 3.1× 10−9 m2s−1.
The astrocytic membrane potential vk was previously evaluated via the Goldman Hodgkin Katz
(GHK) method, however for ease of integration of new channels and gap junctions vk is evaluated
via an ordinary differential equation (ODE) given in the form used by Witthoft et al. [171] and
Koenigsberger et al. [111] where a parameter γv relates the net movement of ion fluxes to mem-
brane potential and is inversely proportional to membrane capacitance [142]. Then the ODE for








zKJK,i→j + other terms
 (6.7)
where the "other terms" are all ion fluxes into the astrocyte of block i, detailed in Appendix A.7.
6.2.2 Other model changes
The volume-area ratios for the astrocyte (Rk) and synaptic cleft (SC) (Rs) were originally imple-
mented by Østby et al. [137] as variables, as they specifically wanted to investigate the effect of
NVC on the shrinkage of the extraneural space. This made the model more complicated, as for
example the ODEs for ion concentrations in the astrocyte and SC were for the number of ions (in
µMm) rather than simple ion concentrations (in µM). This made connecting the astrocyte/SC sub-
model to the other submodels more complicated due to the difference in units, and made adding
new components more difficult. This has been greatly simplified by setting the volume-area ratios
as constants (taken as their steady state values when they were variable) where Rk = 6× 10−8 m,
Rs = 2.79× 10−8 m. These changes have minimal effect on the model (results not shown).
In addition, the astrocytic membrane potential is now evaluated in mV rather than V so that the
conversion parameter cunit can be removed. Note that all parameters with units of V have also
been converted to mV.
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6.2.3 Extracellular electrodiffusion
In the macro scale model of Chapter 3 the ECS compartment was very simple and contained
only K+ diffusion modelled via Fickian diffusion, i.e. K+ moved from high to low concentrations.
However Fickian diffusion does not take into account the effect of the electric field due to ion
movement within the ECS, and the ECS compartment in the complex model of Mathias et al.
[121] described in Chapter 5 contains both K+ and Na+. Therefore in order to produce a more
physiologically viable result extracellular electrodiffusion is implemented. It should be noted that
Cl− is also present in the ECS but it is assumed to be found via electroneutrality with the other
extracellular ions, so any movement of Cl− is not considered.
Almeida et al. [4] constructed a mathematical model containing electrodiffusion equations de-
scribing the movement of multiple ions in the ECS. This model focused on the dynamics of the
neuron (pre and post synapse) and ECS and did not consider the influence or behaviour of the
remainder of the NVU. They considered that the extracellular ionic fluxes would be produced by
the concentration gradient (Fickian diffusion) and also by the electric field ∇V , where V is the
extracellular potential. Almeida et al. [4] hypothesised that the extracellular potential has a com-
ponent related to a Nernst potential across the ECS. This implies a dynamic equilibrium where
the total current in each point is zero. Using the Nernst-Planck equation, the current density for








The following dynamic equilibrium can be considered:
∑
n
In = 0, (6.9)
where in this case n ∈ {K+, Na+}. By using the Nernst-Planck equation (6.1) applied to multiple
ions and considering a dynamic equilibrium where the total current in each point of the ECS is
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This can be simplified for a linear gradient (i.e. between two compartments, in this case two
adjacent NVU blocks in the tissue slice) in the same way as for astrocytic gap junctions in Section



















where the diffusion rates for extracellular K+ (Ke) and Na+ (Nae) are given by DK,e = 3.8× 10−9
m2s−1 [163] and DNa,e = 2.5× 10−9 m2s−1 [157]. Then the total rates of change Q of K+ and













which takes into account each neighbour j of block i. These rates of change are added to the
conservation equations in NVU block i for Ke and Na+ concentration Nae respectively; these
equations can be found in Appendix A.7. An overview of the communication between NVU blocks
in the tissue slice is given in Figure 28.
6.2.4 Implementation
The single NVU ODE system is solved in Matlab using the solver ‘ode15s’ due to stiffness. The
macro scale tissue slice model is implemented in the same manner as in Chapter 3 (discussed
in detail in Section 3.2.3). For all simulations, the simulated vascular H-tree contained N = 11
levels coupled with 1024 NVU tissue blocks corresponding to a 4 mm × 4 mm 2D cerebral tissue







Figure 28: Overview of the communication between NVU blocks in the tissue slice simulation, with extra-
cellular K+ and Na+ electrodiffusion and K+ transport via astrocytic gap junctions. Each block
communicates with its four nearest neighbours. AC: astrocyte, ECS: extracellular space.
a 56 core Intel Xeon E5-4660 v3 server with 128 GB of memory and clock speed of 2.10 GHz.
The numerical simulations were executed on 32 cores with 32 NVU tissue blocks allocated to
each core. All simulations were performed for a total of 35 physiological seconds. Each iteration
corresponding to one physiological second took approximately 2 minutes of wall clock time to
complete.
6.3 results
While regular NVC leads to vasodilation following neuronal activity, dysfunctional NVC can lead
to various pathologies such as CSD where a wave of high extracellular K+ moves throughout the
cortex. The parameters of the model were chosen in order to produce a response typical of CSD
as follows: the maximum rate of the neuronal Na+/K+ ATPase pump was set at a lower rate of
Imax = 0.013× 10−2 mA cm−2 (following the work of Kager et al. [99]), and the number of active
synapses per astrocytic process was set as ksyn = 1 (since communication between the neuron and
astrocyte during CSD happens primarily through the ECS rather than the SC). These parameters
are used for all simulations in this chapter.
6.3.1 Excitability of the Neuron and ECS
During pathologies such as CSD, the neuron releases large amounts of K+ into the ECS. This
extracellular K+ can diffuse outward, where an increase in extracellular K+ exceeding a critical
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threshold concentration (generally around 12 mM) leads to a massive K+ efflux from the neuron
and extracellular concentrations over 30− 50 mM, and sometimes as high as 80 mM [6]. This is
known as excitable behaviour, and provides the mechanism by which waves of extracellular K+
can propagate. The threshold is known to vary in different species and brain regions, and with
age and other factors [6].
To induce excitable behaviour in the single NVU model a rectangular input of K+ is injected
into the ECS (with duration 1.5 s). The amplitude of this input is varied between 10 and 11mMs−1
in order to produce two distinct cases of subthreshold and supra-threshold excitable behaviour.
Figure 29 shows the behaviour of the NVU for these two cases. For a 10 mMs−1 input of K+ to
the ECS, after 1.5 s the extracellular K+ concentration (Ke) only reaches 9.5mM which is below the
excitation threshold of 10.2 mM; note that this threshold value depends on the neuron parameters
of the model and may change if parameters are varied. Consequently Ke returns to baseline when
the input ceases and there is little effect on the rest of the NVU.
In contrast, for a 11 mMs−1 input Ke exceeds the threshold of 10.2 mM and quickly increases to
approximately 80 mM with concurrent neuronal depolarisation (increase in dendritic membrane
potential vd). This excitable behaviour seems to be due to the N-methyl-D-aspartate (NMDA)
channel on the dendrite. This is strengthened by the fact that when the NMDA channel is re-
moved from the model the neuron/ECS subsystem is not excitable. The NMDA channel is the
only neuron channel with fraction of open activation gates m and fraction of open inactivation
gates h dependent on Ke. Kager et al. [99] stated that high extracellular K+ enhances the NMDA
receptor activation based on findings by Poolos and Kocsis [147].
Once Ke reaches the threshold of 10.2 mM, the NMDA channel on the dendrite opens to allow a
significant flux of K+ through the channel from the dendrite into the ECS which causes a further
increase in Ke. This increase in K+ further opens the NMDA channel in a positive feedback loop.
This large efflux of K+ from the neuron is offset by a larger and concurrent influx of Na+ into the
neuron (as the NMDA channel allows both K+ and Na+), causing the neuron to depolarise which
allows the remaining K+ and Na+ channels and pumps to open. All this leads to a sharp increase
in Ke up to a maximum concentration of around 80 mM. This is followed by a drop in both Ke
to around 11 mM and neuronal membrane potential to around −40 mV due to extracellular K+
buffering and re-uptake of K+ by the neuron. Approximately 20 s after depolarisation the neuron
membrane potential drops slightly below baseline (and Ke soon follows) and then slowly returns
to baseline. This drop below baseline is important as it inhibits another excitation from occurring
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Figure 29: Response to a rectangular input of K+ into the ECS for duration 1.5 s and amplitude 10 mMs−1
(subthreshold) and 11 mMs−1 (superthreshold) into the single NVU model. For subthreshold
stimulation, Ke returns to baseline when the input ceases and there is little effect on the rest of the
NVU. For supra-threshold stimulation, Ke increases to 80 mM leading to astrocytic K+ uptake
and subsequent efflux into the perivascular space (PVS), leading to vasoconstriction followed
by dilation. a) Ke: extracellular K+ concentration, b) Kk: astrocytic K+ concentration, c) Kp:
perivascular K+ concentration, d) vd: dendrite membrane potential, e) vk: astrocytic membrane
potential, f) R: vessel radius.
too soon after the first excitation. The inhibitory period is present in all excitable systems and
prevents propagating waves in an excitable medium from travelling backwards.
The effect on the remainder of the NVU is as follows. The increase in Ke leads to an increase
in synaptic K+ concentration and hence astrocytic K+ concentration (Kk) up to 117 mM (via K+
flux from the SC). This depolarises the astrocyte (i.e. an increase in astrocytic membrane potential
vk) which opens the voltage dependent big potassium (BK) channel leading to a large efflux of
K+ from the astrocytic endfoot into the PVS. The rapid increase in perivascular K+ (Kp) up to 35
mM leads to constriction of the vessel radius R from 22.9 µm down to 18 µm. As Ke drops both
Kk and vk decrease, which leads to the reversal of the BK channel flux as a result of the difference
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between vk and the BK Nernst potential. This causes K+ to flow out of the PVS and hence a rapid
decrease in Kp. Once vk drops below −85 mV (at approximately t = 4 s) the BK channel closes. At
this point Kp is still approximately 5 mM and slowly decays down to the baseline of 3 mM, and
the radius undergoes slight vasodilation up to 23.5 µm with a slow return to baseline of 22.9 µm.
6.3.2 Effects of perivascular K+ concentration on the radius
The behaviour of the vessel radius in response to changes in Kp can be summarised in a bifurcation
diagram (Figure 30), where Kp is varied from 3 to 30 mM. This enables us to determine whether
the vessel will undergo either vasodilation or constriction depending on Kp.
In the model, when the dynamics are initially at a steady state the radius has a resting state of
22.9 µm and Kp = 3 mM. Increasing Kp to levels up to 16.8 mM (as can occur during neuronal
stimulation in regular non-pathological conditions) results in vasodilation, with a maximal dila-
tion of 28.8 µm at Kp = 10.8mM. However when Kp is between 16.8 and 21.1mM the vessel radius
undergoes oscillations, and for Kp larger than 21.1 mM the vessel is constricted with a minimal
radius of 17 µm as Kp increases further.
The inward rectifying K+ (KIR) channel connecting the smooth muscle cell (SMC) to the PVS










Figure 30: Bifurcation diagram of the radius dynamics with the perivascular K+ concentration (Kp) varied
as a bifurcation parameter. For 3 < Kp < 16.8 mM the steady state radius is higher than the
baseline of 22.9 µm (i.e. vasodilation), for 16.8 < Kp < 21 mM the radius tends to oscillatory
behaviour, and for Kp > 21 mM the steady state radius is below the baseline (i.e. vasoconstric-
tion). Black solid: steady state radius, red solid: minimum and maximum amplitude of radial
oscillations. The bifurcation analysis was achieved using the continuation package AUTO [25].
86
6.3 results
flux through the KIR channel is given by the difference in SMC membrane potential vi and the
resting potential vKIRi which is proportional to Kp and given by
JKIRi = GKIRi(vi − vKIRi) (6.15)
vKIRi = z1Kp − z2 (6.16)
where the conductance GKIRi and parameters z1 and z2 are found in Appendix A.3. When vi >
vKIR the flux is directed into the PVS whereas for vi < vKIR the flux is directed into the SMC.
Hence for large enough Kp, vKIR will be greater than vi and the channel reverses.
For Kp < 16.8 mM the K+ flux is directed into the PVS so the SMC membrane hyperpolar-
ises. This closes the voltage operated Ca2+ channels (VOCCs) thereby decreasing the SMC Ca2+
concentration and resulting in vasodilation. However for Kp > 18.5 mM the KIR channel reverses
leading to an influx of K+ into the SMC. This depolarises the cell membrane and opens the VOCCs,
leading to increased Ca2+ concentration and hence vasoconstriction.
The bifurcation diagram shows the steady state values that the radius tends to as a function
of Kp, however it is important to note that the vascular dynamics are relatively slow, and during
neuronal stimulation Kp does not stay at a constant high concentration for long. Therefore even
though Kp may briefly reach a maximum concentration such as 11 mM (where the steady state
radius is around 29 µm), the radius will not react fast enough to reach such a high value before Kp
decreases. It should also be noted that the radius does not drop below 17 µm for higher values of
Kp as the open probability of the SMC Ca2+ mediated K+ channel wi reaches its maximal value
of 1.
The bifurcation diagram also shows that there are oscillations in the vessel radius when Kp is
between 16.5 and 21 mM; the likely underlying physiology causing these oscillations is as follows.
The high Kp causes the KIR channel to reverse, resulting in a flux of K+ from the PVS into the SMC.
The SMC depolarises, opening the VOCCs and resulting in an influx of Ca2+ into the SMC cytosol.
Consequently the SMC Ca2+ concentration increases. This causes the Ca2+ mediated K+ channel
on the SMC to pump out more K+ and as a result the SMC hyperpolarises. This reverses the KIR
channel so that the flux is from the SMC to the PVS and closes the VOCCs, causing a decrease
in Ca2+ concentration. These oscillations may provide a mechanism for vasomotion, the rhythmic
contraction and dilation of vessels at a frequency of anywhere from 1 to 20 min−1 [1] which is
thought likely to assist in tissue perfusion during periods of altered metabolism or pathological
conditions [79]. Indeed, vasomotion is known to occur in response to increases in extracellular K+
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concentration [88], among other causes such as pressure, stretch and vasoconstrictive agonists [79].
However these oscillations are generally not seen in the simulations for the following reasons: the
oscillations have a large period from between 10 and 40 s (corresponding to frequencies between
1.5 to 6 min−1) depending on the specific value of Kp (not shown), the simulations are generally
run for less than 50 seconds, and Kp does not remain at any constant value for a long enough
period of time to induce visible oscillations.
6.3.3 Macro scale model
The behaviour of the single NVU system in response to high extracellular K+ (Ke) levels and
neuronal depolarisation was discussed in Section 6.3.1. However this model can also be imple-
mented on a large scale by simulating a 2D cortical slice consisting of tissue blocks, where each
block corresponds to single NVU and is globally coupled by extracellular diffusion, astrocytic gap
junctions, and a vascular H-tree.
6.3.3.1 Scaling results
In this chapter further communication between adjacent tissue blocks has been added in the form
of both extracellular electrodiffusive ion fluxes (Eq. (6.12)) and astrocytic gap junction fluxes (Eq.
(6.2)). This additional communication may have an effect on the scalability, therefore 3 numerical
experiments were performed in order to determine the scaling effects of the parallel code which
are shown in Figure 31.
The first experiment measured the strong scaling performance of the system with a fixed number
of levels in the vascular tree of N = 13 corresponding to a problem size of 2N−1 = 4096 NVUs
(Figure 31a). The number of processes was varied between 1 and 64 in powers of 2 and the
simulation wall clock time was recorded. Strong scaling is ideal up to 16 processes; the wall clock
time for the case with 32 processes is less than ideal as the time needed for extra communication
between processes is beginning to outweigh the benefit of a smaller problem size per process.
With 64 processes the wall clock time is greater than the case with 32 processes; however this is
not surprising as the system used only has 56 cores, so one or multiple processes are assigned to
each core leading to an increase in computation time.
The second experiment measured the weak scaling performance, where the problem size was






















(a) Strong scaling (N = 13, number of processes



















(b) Weak scaling (N = 7, . . . , 13, number of processes
= 1, 2, . . . , 64)



















(c) Scaling with problem size (number of processes = 32,
N = 9, . . . , 17)
Figure 31: Scaling experiments for the large scale tissue slice model, where N is the number of levels in the
H tree and the problem size is the number of NVUs in the tissue slice given by 2N−1.
Figure 31b shows that the wall clock time increases slightly with problem size and number of
processes, up until 64 processes where the wall clock time jumps sharply - again this is a result
of the 56 core system. With small problem sizes the relative contribution of communication is
accentuated; larger problem sizes would flatten the curve further.
Finally the performance was tested with a fixed number of processes and the problem size
varied from N = 9 to 17, shown in Figure 31c. The results show that the scaling with problem size




A square (12 × 12 NVU blocks, enclosed by the yellow dotted line in the following figures) in
the centre of the tissue slice (32× 32 NVU blocks) is stimulated by a rectangular input current of
amplitude 0.6× 10−2 mA cm−2 for 1 s which is a sufficient duration for inducing CSD following
the work of Kager et al. [99] and Mathias et al. [121]. Time series in the following figures are
shown for a block in the centre of the stimulation area (block 496) and blocks which are 1, 2 and 3
blocks out from the stimulation area (blocks 304, 272, 240 respectively). In this section there are no
astrocytic gap junctions (i.e. Dgap = 0) in order to clearly see the effects of extracellular diffusion.
fickian diffusion
Figure 32 shows the behaviour in the tissue slice model with Fickian diffusion and without as-
trocytic gap junctions. The snapshots of the tissue slice (Figure 32e,f) are shown at t = 4 s after
stimulation. The input current of 1 s stimulates the centre area, causing neuronal depolarisation
and a dramatic increase in Ke from 3.5 mM up to 80 mM.
With extracellular Fickian diffusion, Ke diffuses outward from the stimulation area. Ke on the
boundary of the stimulation area (block 304) reaches 10.2 mM approximately 1.5 s after the be-
ginning of stimulation; this induces a further quick increase in Ke up to 70 mM according to the
dynamics explained in Section 6.3.1 and subsequent increase in Ke up to 65 mM in the neighbour-
ing NVU (block 272). However this is not enough to induce an increase in Ke up to 10.2 mM in
the next NVU (block 240, 3 blocks out from the stimulation area), so the wave of extracellular K+
travels no further.
electrodiffusion
The model has been extended by extracellular electrodiffusion of both K+ and Na+ in the ECS
shown in Figure 33. The snapshots of the tissue slice (Figure 33e,f) are shown at t = 11 s after
stimulation. With electrodiffusion, the flux of K+ (and Na+) throughout the ECS is greater due to
the influence of the electric field. As a result, the K+ in the stimulation area diffuses outward at a
higher rate so that Ke on the boundary (block 304) reaches the excitation threshold and undergoes
a large increase in Ke. This K+ diffuses further out and each NVU block is able to induce a rise in
K+ above the threshold in its neighbouring block. Consequently a wave of K+ is able to propagate




















































Fickian diffusion & no gap junctions
Figure 32: Snapshots and time series for selected blocks (green) in the tissue slice model for a 1 s neuronal
stimulation to centre of tissue slice (enclosed by dashed yellow line) under CSD conditions with
extracellular Fickian diffusion and no astrocytic gap junctions. The ECS is subexcitable so the
K+ wave cannot propagate further than 2 blocks out from the stimulation area. a) astrocytic
K+ concentration Kk in mM, b) perivascular K+ concentration Kp in mM, c) extracellular K+
concentration Ke in mM, d) vessel radius in µm, e) snapshot at t = 4 s of the extracellular
K+ concentration Ke, f) snapshot at t = 4 s of the percentage change in blood flow through
























































Electrodiffusion & no gap junctions
Figure 33: Snapshots and time series for selected blocks (green) in the tissue slice model for a 1 s neuronal
stimulation to centre of tissue slice (enclosed by dashed yellow line) under CSD conditions with
extracellular electrodiffusion and no astrocytic gap junctions. With electrodiffusion the ECS is
excitable and can support a propagating K+ wave that travels at 6.7 mm min−1. Without gap
junctions, stimulation results in a wave of vasoconstriction and decreased blood flow spreading
outwards followed by slight vasodilation. a) astrocytic K+ concentration Kk in mM, b) perivas-
cular K+ concentration Kp in mM, c) extracellular K+ concentration Ke in mM, d) vessel radius
in µm, e) snapshot at t = 11 s of the extracellular K+ concentration Ke, f) snapshot at t = 11 s of
the percentage change in blood flow through the tree and the radius of the vascular leaf coupled
to the NVU block. Video available online (https://youtu.be/Mq0EyFRrdCQ)
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124 µm given in Section 6.2. As the ECS is able to support a travelling wave the medium is said to
be excitable [108].
The dynamics of extracellular K+ for both Fickian and electrodiffusion are clearly seen in simu-
lation videos available online and detailed in the Figure captions.
6.3.3.3 Vascular response
In this section the vascular response to a neuronal stimulus during CSD conditions is given for the
cases with and without astrocytic gap junctions (i.e. Dgap = 0) and extracellular electrodiffusion
in order to determine the role of these gap junctions during pathological conditions.
no gap junctions
Figure 33 shows the behaviour of the tissue slice without gap junctions. The rise of Ke in the centre
(block 496) induces an increase in synaptic K+ concentration with subsequent increase in astrocytic
K+ concentration (Kk) from 93mM up to 115mM via K+ channels connecting the SC and astrocyte.
The influx of K+ into the astrocyte causes a rise in the astrocytic membrane potential (vk). This
induces a large flux of K+ through the voltage gated BK channel on the astrocytic endfoot adjacent
to the PVS, resulting in an increase in perivascular K+ concentration (Kp) from 3 mM up to 35
mM. Kp then sharply drops to 5 mM and slowly returns to its baseline value. The radius depends
on Kp according to the bifurcation diagram in Figure 30, where vasoconstriction occurs for Kp
greater than 16.5 mM and vasodilation for Kp less than 16.5 mM. Hence the large increase in Kp to
35 mM induces a decrease in vessel radius from 22.9 to 18 µm, the sharp drop to 5 mM induces a
slight increase in radius up to 23.5 µm, and as Kp returns to baseline the radius slowly decreases.
The propagating wave of Ke induces a similar wave in Kk with amplitude approximately 113
mM, in turn leading to a propagating wave in Kp with amplitude approximately 30 mM. This
level of Kp is high enough to induce vasoconstriction, so the propagating wave of Kp induces a
subsequent wave of vasoconstriction (minimum radius of 18 µm) with corresponding decrease in
blood flow by 18% through the vascular tree. This wave occurs approximately 4 s after the peak
of the Kp wave due to the slower response of the vasculature. The wave of vasoconstriction is
followed by slight vasodilation with a slight increase in blood flow by 1%, as Kp sharply drops to






























































Electrodiffusion & gap junctions
Figure 34: Snapshots and time series for selected blocks (green) in the tissue slice model for a 1 s neuronal
stimulation to centre of tissue slice (enclosed by dashed yellow line) under CSD conditions with
extracellular electrodiffusion and astrocytic gap junctions. With gap junctions stimulation results
in a wave of slight vasodilation, and the area initially affected from vasoconstriction is reduced.
a) astrocytic K+ concentration Kk in mM, b) perivascular K+ concentration Kp in mM, c) ex-
tracellular K+ concentration Ke in mM, d) vessel radius in µm, e) snapshot at t = 11 s of the
extracellular K+ concentration Ke, f) snapshot at t = 11 s of the percentage change in blood flow





Figure 34 shows the behaviour of the tissue slice with astrocytic gap junctions. The addition of
gap junctions does not affect the extracellular K+ dynamics (or neuronal dynamics) in any signi-
ficant way. This is because in the model the neuron/ECS subsystem feeds into the astrocyte/SC
subsystem but this communication is essentially unidirectional. The only effect that the astrocyte
and vascular cells have on the neuron/ECS is via the vessel radius which determines the tissue O2
concentration; this in turn affects the behaviour of the neuronal ATPase pumps. However these
pumps are also highly dependent on Ke, and as Ke rises to very high concentrations during CSD
the effect of O2 is comparatively minor.
When the wave of high Ke propagates outwards, the astrocytes take up a large amount of K+
through the SC. With gap junctions the astrocytes are able to transport K+ outwards to neigh-
bouring NVUs so that the amplitude of the Kk wave is lower (around 108 mM). The lower Kk
amplitude also means that the resulting wave of membrane potential vk reaches a lower max-
imum amplitude. As the BK channel is heavily voltage dependent [105], the magnitude of the
K+ flux through the BK channel into the PVS is significantly smaller than the case without gap
junctions. Consequently the wave of Kp has a maximum amplitude of only 13 mM (as opposed to
30 mM without gap junctions). Instead of vasoconstriction, this lower Kp induces a wave of slight
vasodilation up to 23.5 µm with a corresponding slight increase in blood flow by 1%.
With astrocytic gap junctions, the time series of Kk (Figure 34a) for various NVU blocks in
the tissue slice have multiple local maxima or "bumps". This is due to the interaction between K+
diffusion via astrocytic gap junctions throughout the tissue slice and each new influx of K+ via the
wave of propagating Ke. When the stimulated centre area (block 496) undergoes a large increase
in Ke there is a corresponding increase in synaptic K+ concentration and hence an increase in
Kk via K+ influx from the SC. The astrocytic K+ diffuses outward via gap junctions to areas of
lower Kk (and vk) leading to an increase in Kk in the surrounding area. This increase corresponds
to the first local maximum or "bump" in the time series of blocks 304, 272 and 240. As the Ke
wave moves outward from the stimulated area it induces a large increase in Ke in the adjacent
area (block 304). This leads to another influx of K+ into the astrocyte from the SC, and Kk again
diffuses outward through gap junctions, producing another local maximum in the Kk profiles of
surrounding blocks. As the Ke wave travels outwards through each block in turn there is a new
influx of K+ giving additional local maxima in Kk. When the peak of the Ke wave is close to a
given block, the K+ flux into the astrocyte is larger and hence the local maximum is steeper than
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in a block further from the peak of the wave. When the Ke wave reaches a given block, the final
maximum in Kk is induced. As the wave continues to travel past a given block, Kk in that block
decreases, with small "bumps" in the Kk profile as a result of further K+ gap junction diffusion
from the Ke wave. These "bumps" are likely a result of the discrete nature of the simulated tissue
slice containing individual NVU blocks; if the system were essentially homogenised and solved
with a set of partial differential equations (PDEs) then it is likely that these bumps would be
effectively smoothed out.
The outer edge of the stimulation area (block 336) has a large amount of Kk diffusing outward
via gap junctions due to the steep gradient in both Kk and vk between the stimulated and nonstim-
ulated area. As a result Kp reaches only 24 mM and the vasoconstriction here is brief with a small
decrease in radius. Therefore astrocytic gap junctions are able to reduce the size of the initial area
that is affected by vasoconstriction in addition to preventing the vasoconstrictive behaviour from
travelling further outwards. In contrast, with no gap junctions the entire stimulated area behaves
the same (i.e. the profile of the radius for block 496 and 336 are virtually identical).
The behaviour of the tissue slice and vascular tree both with and without astrocytic gap junctions
is clearly seen in simulation videos available online and detailed in the Figure captions.
6.3.3.4 Gap junction density
Experiments show that the propagating wave of CSD can be slowed or interrupted by pre-existing
lesions or areas of high astrocytic density [30], and reduced expression of astrocytic gap junctions
significantly increases the size of ischemic infarcts [131]. In areas of high astrocytic density it would
follow that there are more gap junction connections between astrocytes [64]. Hence variation in
the number of gap junction connections between astrocytes in the tissue slice can be approximated
by varying the gap junction diffusion rate Dgap.
The vascular response to neuronal stimulation during pathological conditions in the model for
varied astrocytic gap junction density is shown in Figure 35. A single NVU (block 240) is chosen
outside the stimulated area to demonstrate the wave profile of the perivascular K+ concentration
Kp and vessel radius. The amount of K+ that is able to be extruded from the astrocyte into the
PVS decreases with Dgap, as stronger coupling between astrocytes means more K+ is able to be
diffused outward through the tissue slice. With no gap junctions (Dgap = 0), Kp reaches 31 mM
inducing strong vasoconstriction followed by slight vasodilation (see Figure 33). However with
0.2×Dgap, Kp only reaches 26 mM which is still high enough to induce slight vasoconstriction,
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and with 0.4×Dgap, Kp reaches 21 mM inducing slight vasodilation. With the normal rate of gap
junction diffusion Kp reaches only 13 mM inducing vasodilation (see Figure 34).
a) b)
Figure 35: Wave profiles outside the stimulated area for different astrocytic gap junction densities (0%, 20%,
40% and 100% of Dgap), taken from block 240 in the tissue slice. Increasing the density results
in lower Kp and hence reduced vasoconstriction, and for densities over 40% of Dgap the radius
undergoes vasodilation. a) perivascular K+ concentration Kp in mM, b) vessel radius in µm.
6.4 discussion
The model of a NVU described by Mathias et al. [121] has been implemented on the macro scale
via a 2D cerebral tissue slice coupled to a vascular tree. In particular, further communication
within the tissue slice has been implemented via extracellular ion electrodiffusion and astrocytic
gap junctions. This state of the art model is able to simulate spatial phenomena such as CSD and
astrocytic spatial buffering in a 2D tissue slice while also containing the full complex dynamics
and multiple pathways of the NVU.
Under pathological conditions the model shows that with extracellular electrodiffusion the me-
dium (i.e. the ECS) is excitable and able to sustain a propagating K+ wave that travels at approx-
imately 6.7 mm min−1 (based on block length of 124 µm); experiments generally show a velocity
of around 1− 10 mm min−1 [18] and the model estimate is considered within the bounds of exper-
imental uncertainty. When using normal Fickian diffusion rather than electrodiffusion in the ECS,
the medium is subexcitable and the wave of extracellular K+ is not able to travel further than two
blocks in the tissue slice. This result still holds when both the stimulation area and duration are
increased (results not shown).
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In the model, during CSD a rise in extracellular K+ concentration is observed and the vessel
radius undergoes vasoconstriction followed by slight vasodilation in the absence of an astrocytic
gap junction network. These results can be compared with the work of Chang et al. [26] who
utilised a simpler model containing a neuron, ECS and the vessel radius dynamics but did not
include the astrocyte, SMC or endothelial cell (EC) compartments. They observed qualitatively
similar results, namely a rise in extracellular K+ with vasoconstriction followed by vasodilation.
The majority of CSD models do not consider the vascular dynamics so it is difficult to compare
the results with a variety of other numerical models, however numerous experimental studies
[72, 123, 53, 22, 113] have documented that small increases in extracellular K+ concentration can
lead to vasodilation and high concentrations lead to vasoconstriction further supporting the results
presented in this chapter.
Pathologies such as CSD can occur when the regulation of K+ via astrocytic gap junctions fails
[165]. The model results support this fact, showing that when gap junctions are not present a neur-
onal stimulus during pathological conditions leads to vasoconstriction in both the stimulated area
and in the area surrounding it via a propagating wave, with a corresponding decrease in blood
flow through the vascular tree. The vasoconstrictive wave peaks after the extracellular K+ wave
due to the delayed vascular response. However with astrocytic gap junctions the vasoconstrictive
behaviour is unable to spread, instead inducing slight vasodilation outside the stimulation area
(although the extracellular K+ still propagates as with the case without gap junctions) and the
constriction remains localised. In addition the gap junctions are able to reduce the size of the
initial area that is negatively affected by vasoconstriction by transporting astrocytic K+ outwards.
CSD is said to trigger when a minimum critical volume of brain tissue is stimulated simultan-
eously so that extracellular K+ levels exceed a critical threshold (experimentally found to be ∼ 12
mM and given as 10.2 mM in the model). Experiments in vivo estimate this minimum critical
volume as ∼ 1 mm3, although this volume is smaller in cortical slices in vitro [6]. In the model
the minimum area needed to initiate a propagating wave is 4 × 4 NVU blocks corresponding
to approximately 0.5× 0.5 mm (results not shown), but as the model is only two dimensional a
corresponding volume cannot be calculated to compare directly with experiments.
CSD can be initiated experimentally by a number of methods: chemically, via direct application
of depolarising substances such as concentrated KCl or NMDA glutamate receptor agonists; elec-
trically, via direct tissue stimulation; or mechanically via pinprick, ultrasound or laser [6]. In the
model a wave of high extracellular K+ concentration is observed travelling outwards from the
98
6.4 discussion
Figure 36: Experimental in vivo results of Chen et al. [30] during pinprick induced CSD in a rat cortex. They
observed similar behaviour to that found in the model simulations, where a wave of increased
reflectance corresponding to decreased perfusion propagated radially outward from the point of
origin, followed by widespread decreased reflectance corresponding to increased perfusion. This
wave travelled at approximately 5 mm min−1 which compares well with the velocity of 6.7 mm
min−1 found in the model simulations. A: relative reflectance, B: rate of change in reflectance.
Modified from Chen et al. [30].
stimulation area which induces vasoconstriction (followed by slight vasodilation) in and around
the stimulation area. This behaviour agrees with the experiment performed by Chen et al. [30] as
seen in Figure 36. They used optical reflectance imaging to obtain high resolution images of CSD
waves based on changes in blood perfusion. A normal rat cortex was induced by a pinprick, result-
ing in a wave of decreased perfusion (i.e. vasoconstriction) that propagated radially outward from
the point of origin regardless of functional or vascular territories. This was followed by hyperper-
fusion (i.e. vasodilation) then a slow return to normal values. The wave travelled at approximately
5 mm min−1 which is comparable with the velocity of 6.7 mm min−1 found in the model simula-
tions. Similar results were found in the experiment of Tomita et al. [161] who induced CSD via a
concentrated potassium chloride (KCl) solution microinjected into both rat and cat cortex.
Experiments show that CSD propagation can be slowed or interrupted by pre-existing lesions
or areas of high astrocytic density [30], and reduced expression of astrocytic gap junctions signi-
ficantly increases the size of ischemic infarcts [131]. By decreasing the gap junction diffusion rate
Dgap to 20% of its original value (in order to simulate reduced gap junction density) a propagat-
ing wave of slight vasoconstriction is observed shortly followed by slight vasodilation, whereas
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with Dgap reduced to 40% of its original value only slight vasodilation is observed. This suggests
that increasing astrocytic density or gap junction expression reduces the duration of the vasocon-
strictive wave prior to vasodilation, and for high enough density (over 40%) the vasoconstrictive
behaviour outside of the stimulation area is eliminated.
By increasing the extracellular electrodiffusion rates DK,e and DNa,e the velocity and wave
width of the propagating K+ wavefront also increase, as the area in front of the wave takes less
time to reach the excitation threshold. Whereas decreasing the diffusion rates by 5% produced
a propagating K+ wave that is subexcitable and dies after propagating through a few blocks.
Decreasing the diffusion rates further resulted in a nonexcitable medium where an extracellular
K+ wave could not propagate at all (results not shown).
6.5 conclusions
In this chapter, a large scale numerical NVC model of a vascular tree coupled with multiple NVUs
comprising a two-dimensional cerebral tissue slice is extended through extracellular K+ and Na+
electrodiffusion and K+ transport via astrocytic gap junctions. An updated NVU model has been
utilised that contains complex neuronal and extracellular dynamics and is able to simulate various
pathologies such as CSD.
Under pathological conditions (determined by model parameters) and with extracellular elec-
trodiffusion the model is able to simulate a propagating wave of high extracellular K+ travelling
at 6.7 mm min−1 as can occur in CSD. This wave travels outward from the neuronally stimulated
area and is followed by a wave of vasoconstriction (with corresponding decreased blood flow)
then slight vasodilation in agreement with multiple experimental results. The vasoconstrictive
wave peaks after the K+ wave due to the delayed vascular response. Increasing the density of
astrocytic gap junctions reduces the duration of the vasoconstrictive wave and for high enough
density the vasoconstrictive behaviour outside the stimulated area is eliminated. Gap junctions
also reduce the area that is initially affected by vasoconstriction. This in silico model provides a
complex and experimentally validated test bed for a variety of neurological phenomena.
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T H E E F F E C T S O F C E R E B R A L C U RVAT U R E O N
C O RT I C A L S P R E A D I N G D E P R E S S I O N
The cerebral cortex of a human is gyrencephalic (composed of tightly folded grey matter), where
the outer ridges are known as "gyri" and the depressions or furrows are known as "sulci". Con-
sequently the human cortex contains areas of both strongly negative and positive Gaussian curvature
as seen in Figure 37. This is in contrast to a lissencephalic brain which is smooth with very little
spatial variation in curvature as found in murine animals. The effective extracellular diffusion rate
of various ions and molecules can change depending on the curvature of the medium; areas of
negative Gaussian curvature have a higher effective diffusion rate, whereas areas of positive Gaus-
sian curvature have a lower diffusion rate [108, 102]. This may have an effect on the propagation
of cortical spreading depression (CSD) waves.
There have been multiple experiments performed on animals with lissencephalic brains (usually
murine or feline) where CSD waves are observed to spread radially outwards from a stimulated
area [29, 161]. However details on how CSD travels through the gyrencephalic brain such as in
a human are not well known; this is considered an important question particularly in migraine
research [27]. Indeed, in contrast to radial waves found in murine experiments, it has been sug-
gested that CSD can propagate as a localised wave segment in the human cortex (see Figure 38)
[38, 37, 39, 153].
Kenny et al. [102] investigated the effect of curvature on the simple reaction diffusion model of
Goldbeter et al. [71]. This model was applied on a torus, a surface with areas of both positive and
negative curvature. On a flat surface the only wave solutions are either radial waves or subexcitable
wave segments that shrink in length until they cease. However on a curved surface Kenny et al.
[102] found a new wave solution in the form of a stable wave segment which could propagate on
the inside of the torus (negatively curved surface). They also found that open wave ends produced
spiral patterns, a phenomenon often witnessed in excitable media [77, 100, 178].
Dahlem et al. [40] investigated so called cortical "hot spot" and labyrinths, areas of initiation
and propagation pathways respectively. They used a generic reaction diffusion model applied to a
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Figure 37: Gaussian curvature on a cortical surface, where red indicates positive curvature and blue indic-
ates negative curvature. Areas of strongly negative curvature can be seen deep in the folds (sulci)
of the cortex. Adapted from Dahlem et al. [40].
(a) Radial wave (b) Wave segment
Figure 38: Different wave profiles that may occur in reaction-diffusion systems, where red corresponds to
the excitation wave and dark blue corresponds to the refractory area.
surface with Gaussian curvature taken from functional magnetic resonance imaging (fMRI) scans,
and found that areas of strongly negative curvature (see Figure 37) were likely nucleation sites for
CSD waves. However the model they utilised contained only two variables and hence were unable
to analyse certain aspects of CSD such as the vascular response.
fMRI is a widely used non-invasive imaging technique, the most common form of which uses the
blood-oxygen-level dependent (BOLD) response where changes in blood oxygen (O2) levels can
be detected [136]. This technique relies on the fact that, under normal circumstances, brain activ-
ity is closely followed by a localised increase in blood flow (i.e. neurovascular coupling (NVC)).
Increases in blood flow due to increased neural activity cause a decrease in the levels of deoxy-
hemoglobin, where hemoglobin is the iron-containing protein that transports O2 in red blood
cells. These proteins can then be detected as deoxyhemoglobin is paramagnetic (weakly attracted
to magnetic fields). The NVC mechanism, the cerebral metabolic rate of O2 consumption, and the
cerebral blood flow (CBF) are all known to contribute to the BOLD response [19].
A complex numerical model of a single neurovascular unit (NVU) has been implemented on the
macro scale as described in Chapter 6 by embedding multiple NVUs in a two dimensional (2D)
tissue slice. Each NVU was coupled to its nearest four neighbours by extracellular ion electrodif-
fusion and globally coupled via a space filling binary H-tree simulating a perfusing arterial tree
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(vasculature). This lumped parameter model contains compartments for each cell in the NVU and
is based on ion exchange with experimentally validated ion channel parameters. The model is able
to simulate spatial phenomena such as CSD in a tissue slice while also containing the complex
dynamics of the NVU such as the vascular response [104] and in particular the BOLD response
implemented using the model of Mathias et al. [121] (see Chapter 5).
In this chapter, the numerical model from Chapter 6 has been extended to include a cerebral
Gaussian curvature mapping simulating spatial variation in curvature over a tissue slice [103]. To
do so it is assumed each NVU block of the tissue slice is approximated by a portion of a torus,
either the inner (negatively curved) or outer area (positively curved), which together comprise
a surface of spatially varying curvature. The curvature of a toroidal section can then be directly
correlated to the rate of diffusion using an isothermal toroidal coordinate system. The spatial
variation in curvature will affect the rate of extracellular diffusion which in turn will affect the
initiation, propagation and cessation of extracellular potassium (K+) waves in CSD.
7.1 method
7.1.1 Curvature on a torus
The Gaussian curvature is the product of the two principal curvatures at a given point; if the
principal curvatures are in the same direction then the Gaussian curvature is positive, if they are
in opposite directions then the Gaussian curvature is negative, and if at least one of the principal
curvatures is zero then the Gaussian curvature is zero. To incorporate spatial variation in curvature
in the tissue slice model each NVU block is approximated by a section of a torus with a specific
Gaussian curvature and diffusion rate, as to a certain degree sections of a torus can approximate
the hills and valleys of cortical gyri and sulci [40]. A visualisation of a torus is shown in Figure 39.
A brief review of the properties of a torus is presented here. The surface of a torus in the
Euclidean space R3 can be parameterised by coordinates (θ,ϕ) as follows:
(θ,ϕ) 7→

r(n+ cos θ) cosϕ










where θ,ϕ ∈ [0, 2π) and n = Rr is the ratio of the major (R) and minor (r) curvature radii. The
outside of the torus corresponds to θ = 0 and the inside corresponds to θ = π. The Gaussian





and is positive on the outside of a torus (θ = 0) and negative on the inside of a torus (θ = π).
Figure 39: Visualisation of a torus in R3 with coordinates (θ,ϕ), where R and r are the major and minor
curvature radii [108].
In addition to the coordinates (θ,ϕ) a torus can also be parameterised by a global isothermal
coordinate system referred to as toroidal coordinates (θ̃, ϕ̃) where the metric is locally conformal
to the Euclidean metric. A full derivation of toroidal coordinates can be found in the work of












































ϕ̃(ϕ) = ϕ sinhη, (7.7)
where both θ̃ and ϕ̃ are monotonically increasing with θ and ϕ respectively. In particular, θ̃ = 0
when θ = 0 and θ̃ = π when θ = π, i.e. θ̃ = 0 still corresponds to the outside of the torus and
θ̃ = π to the inside of the torus. Using Eq. (7.2) and (7.6) the Gaussian curvature can be rewritten








where the curvature is shown in Figure 40a and is monotonically decreasing with respect to θ̃.
It can be shown that by using these coordinates the surface of a torus may be mathematically
interpreted as a flat medium with a spatial coupling dependent only on θ̃. For an orthogonal











where hi is the scale factor given by
√
gii, G is the metric tensor with matrix elements gij which
is the product of the transposed Jacobian matrix of f multiplied by the Jacobian of f, and êi is
a normalised basis vector. Note that for an orthogonal coordinate system, gij = 0 for i 6= j, and
for a conformal mapping, gii = gjj for all i and j. Then the gradient operator for an isothermal














(a) Gaussian curvature Γ (b) Diffusive coupling rate C
Figure 40: Properties of a torus with minor radius r = 202π and ratio n =
R
r = 6 compared with a flat surface.
a) Gaussian curvature Γ(θ̃) decreases from θ̃ = 0 (outside of torus) to θ̃ = π (inside of torus),





gjj is the general scale factor. As shown by Kneer et al. [108], the general






















This is effectively the gradient in Euclidean geometry (i.e. a flat surface) multiplied by a scaling





Figure 40b shows that C(θ̃) is lowest on the outside of the torus (θ̃ = 0) and largest on the inside
of the torus (θ̃ = π). Using Eq. (7.8) and (7.14) a relationship can be obtained between the Gaussian













which shows that the spatial coupling C decreases as Gaussian curvature Γ becomes more positive;
in particular, C < 1 when Γ > 0 and C > 1 when Γ < 0.
106
7.1 method
7.1.2 Electrodiffusive flux on a curved surface












where n ∈ {K+, Na+}. Considering the extracellular flux on a curved surface with coordinates
conformal to (θ̃, ϕ̃), the gradient terms ∇c and ∇n can be written in terms of C as in Eq. (7.13).
The flux can be simplified for an assumed linear gradient (i.e. between two cells) by replacing the
differential terms with ratios of differences and the concentration c by the mean concentration of
two adjacent cells i and j [70], giving the flux Jec,i→j of ion concentration c due to extracellular



















where ∆x = 124 µm is the unit distance between the centres of two NVU blocks on a flat surface.
This distance is scaled with the curvature, so that two points on a positive curved surface with
C < 1 will be farther apart than on a flat surface giving a larger distance ∆x/C between two
compartments. The reverse is true for a negatively curved surface with C > 1. This means that
electrodiffusive fluxes on a negatively curved surface will be greater in magnitude than on a flat
surface due to increased coupling C, and smaller in magnitude for a positively curved surface.
This can also be seen by calculating the unit surface area element, i.e. the area dA of a toroidal












as gθ̃ϕ̃ = 0 and gθ̃θ̃ = gϕ̃ϕ̃ = 1/C
2 from the work of Kneer et al. [108]. This means that for a
surface with C < 1 (i.e. positively curved) the area of a unit patch will be smaller than on a flat
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surface, whereas for a surface with C > 1 (i.e. negatively curved) the area will be larger; in other
words, the width dx of a unit patch is scaled by a factor of 1/C.
7.1.3 Effect on the tissue slice model
In the model, each NVU block of the cortical tissue slice with coordinates (X, Y) is considered
locally conformal to the toroidal coordinate system (θ̃, ϕ̃) for some section of a torus. This is
schematically shown in Figure 41. The (X, Y) coordinates give the centre of a NVU block and
are taken as the non-dimensional distance (in terms of blocks) from the centre of the tissue slice.
Areas of strongly negative curvature such as the deep folds on the cortex can be approximated by
a section of the inner surface of a torus with θ̃ near π (see Figure 39), whereas areas of positive
curvature such as the outer areas of the cortex can be approximated by the outer surface of a torus
with θ̃ near 0. In the following simulations a torus of r = 202π and n = 6 is used unless specified
otherwise (where decreasing the ratio n would produce a more strongly curved surface).
Figure 41: Each NVU block of the large scale tissue slice with coordinates (X, Y) is mapped to a section
of a torus with toroidal coordinates (θ̃, ϕ̃). The (X, Y) coordinates are given as the distance (in
terms of NVU blocks) from the centre of the tissue slice. θ̃ near 0 corresponds to the outside of a
torus with positive curvature whereas θ̃ near π corresponds to the inside of a torus with negative
curvature. The variable ϕ̃ has no effect on the curvature.
To simulate the spatially varied curvature of the cortex in the tissue slice model the (X, Y) co-
ordinates of each NVU are mapped to some θ̃, i.e. θ̃ = θ̃(X, Y). This will produce a spatial variation
in both Gaussian curvature Γ(θ̃) and diffusive coupling rate C(θ̃), which will in turn affect the mag-
nitude of the electrodiffusive fluxes between the extracellular space of adjacent NVUs. Note that
the variable ϕ̃ has no effect on Γ(θ̃) or C(θ̃) making it irrelevant to the simulations.
Assuming that the area of interface between adjacent blocks is ∆x2, the rate of change of ion








where ∆x3 is the volume of the block. Then the total rates of change Q of K+ and Na+ due to the
sum of diffusive ion fluxes J into the extracellular space (ECS) of block i with coordinates (Xi, Yi)













as detailed in Chapter 6, where the sum takes into account each neighbour j of block i. Note that
the rates of change are effectively scaled by a factor of C2, as the unit distance ∆x is scaled by
a factor of 1/C both within the flux J equations (Eq. 7.17) and in the rate of change equations
(Eq. 7.20, 7.21). These rates of change are added to the conservation equations in NVU block i for
extracellular K+ concentration Ke and Na+ concentration Nae respectively.
7.1.4 Implementation
The macro scale tissue slice model has been designed to run on parallel architectures and is
discussed in detail in Section 3.2.3 of Chapter 3. The simulated tissue slice is split into rectangular
domains with each domain corresponding to a single computational node, whereas the H-tree is
partitioned into subtrees with a root subtree. The system is solved using a C implementation of a
fixed-step Backward Euler method with Newton iteration due to stiffness.
Message Passing Interface (MPI) is used for the communication between tissue blocks in a
multi-core architecture. For the implementation of extracellular diffusion and gap junction com-
munication, at each time step the state variables from the blocks along the edges of the domains
are passed to the adjacent blocks in the neighbouring domain. Communication between domains
and the corresponding boundary conditions enforcement within a single domain is implemented
following the mesh ghost block communication pattern [78].
The system used was a 56 core Intel Xeon E5-4660 v3 server with 128 GB of memory and clock
speed of 2.10 GHz. The numerical simulations were executed on 32 cores. For the simulations
shown in Sections 7.2.2 and 7.2.3, each iteration corresponding to one physiological second took
approximately 2 minutes of wall clock time to complete. For the larger simulations shown in




7.2.1 Dynamics and excitability of the NVU model
A brief review is presented here of the excitability of the extracellular K+ (Ke) dynamics that
allows for wave propagation, as well as the effect on the vascular dynamics. For a thorough
explanation see Section 6.3.1 of Chapter 6. Note that in Chapter 6 the effect of an astrocytic gap
junction network was investigated, however in this chapter it is assumed that this network is
dysfunctional due to the pathological conditions which promote CSD.
If a section of the tissue slice is stimulated by a current input under pathological conditions,
this leads to neuronal depolarisation and an efflux of K+ from the neuron into the surrounding
ECS. When K+ in the ECS reaches the threshold of 10.2 mM it undergoes a rapid increase up to
70− 80 mM followed by a decrease below baseline (∼ 2 mM) and slow rise back to baseline (∼ 3.5
mM) over approximately 40 seconds. This drop below baseline is known as the refractory period
and is the reason why waves are not able to travel backwards, and why Ke waves are followed by
a trail of decreased Ke. In the model K+ waves are able to propagate due to K+ electrodiffusion
between the ECS of neighbouring blocks. If the diffusive flux is large enough then the wave is able
to provide enough K+ into neighbouring blocks so that they reach the threshold and undergo a
large increase in Ke, providing the method of propagation.
The large increase in Ke causes a corresponding increase in synaptic K+ concentration. This
K+ is taken up by the astrocyte and extruded into the perivascular space (PVS), where the high
concentration reverses the inward rectifying K+ (KIR) channel connecting the PVS and smooth
muscle cell (SMC). This results in an influx of K+ into the SMC, depolarising the SMC and open-
ing the voltage operated calcium (Ca2+) channels (VOCCs), leading to increased SMC Ca2+ con-
centration and hence vasoconstriction and decreased blood flow. As Ke decreases this induces a
corresponding decrease in perivascular K+ concentration, reversing the KIR channel back to its
original direction (SMC to PVS), hyperpolarising the SMC and leading to slight vasoconstriction
and increased blood flow.
Note that CSD only occurs in the model under pathological conditions where the pump rate
of the neuronal Na+/K+ ATPase pump is decreased (such as during hypoxic conditions), so that
less K+ is able to be pumped back into the neuron and K+ is able to accumulate in the ECS.
During normal conditions a current input will induce NVC, as the ATPase pump is more active
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so the extracellular K+ concentration does not reach such a high level. Instead the lower K+
concentration leads to vasodilation and increased blood flow to the stimulated area but does not
propagate outwards.
7.2.2 Surfaces of constant curvature
In this section a tissue slice is simulated with spatially constant Gaussian curvature Γ : either
negative curvature, positive curvature, or a flat surface. In the following simulations θ̃ = 1.2
is used for positive curvature (Γ = 0.004,C = 0.94) and θ̃ = 2.2 for negative curvature (Γ =
−0.012,C = 1.1).
A small rectangular area at the bottom of the tissue slice (see Figure 42) is stimulated with an
input current (Istrength = 0.006 mA cm−2) in order to see if an outward travelling wave will
propagate. Figure 43 shows the results. An outward travelling wave of extracellular K+ (Ke) is
produced following an input to the bottom of the tissue slice. For a flat or negatively curved surface
the wave continues to propagate, travelling at approximately 6.7 mm min−1 on a flat surface and
approximately 8.5 mm min−1 on the negatively curved surface. The wave travels faster when the
surface is negatively curved due to increased coupling C and hence larger electrodiffusive K+
flux from block to block. However for a positively curved surface (with spatial coupling C < 0.95
corresponding to Gaussian curvature Γ > 0.002) the magnitude of the electrodiffusive flux is too
Figure 42: Input stimulus to the bottom of the tissue slice, as an initial condition for the simulations on
either a positively curved, negatively curved, or flat surface.
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(a) Positive curvature, Γ = 0.004
(b) Flat surface, Γ = 0
(c) Negative curvature, Γ = −0.012
Figure 43: Spatially constant Gaussian curvature over the tissue slice with 32× 32 NVUs (11 levels in the
H-tree and corresponding to a 4mm × 4mm tissue slice). An outward travelling wave of ex-
tracellular K+ (Ke) is produced following an input to the bottom of the tissue slice with a
maximum of approximately 70 mM. For a flat or negatively curved surface the wave contin-
ues to propagate (travelling faster when more negatively curved due to increased coupling
and hence larger electrodiffusive K+ flux from block to block), but for a positively curved
surface (with spatial coupling C < 0.95 corresponding to Gaussian curvature Γ > 0.002) the
magnitude of the electrodiffusive flux is too low to allow a propagating wave. The decrease
in blood flow of approximately 18% follows the peak of the Ke wave due to the delayed




low to allow a propagating wave. The decrease in blood flow below the baseline follows the Ke
wave due to the delayed vascular response.
The Ke and blood flow profiles for a selected block near to the stimulated area (highlighted in
green in Figure 43, given by coordinates (X, Y) = (−5.5,−14.5)) are shown in Figure 44. For a flat
or negatively curved surface (Γ < 0.002) Ke reaches the threshold of 10.2 mM and quickly rises
to approximately 70 mM. The surface with negative curvature has greater diffusive flux due to
higher spatial coupling C, so the Ke in the highlighted block rises faster and reaches a slightly
higher peak compared to a flat surface. The large increase in Ke induces vasoconstriction and
decreased blood flow below baseline of approximately 18%, followed by slight vasodilation and
increased blood flow above baseline of approximately 2%. However for a positively curved surface
(Γ > 0.002) the diffusive flux of K+ into the highlighted block is not enough to reach the critical
threshold, and the small increase in Ke is not enough to induce any significant change in blood
flow.
In addition to extracellular K+ concentration and blood flow, the BOLD response can be ex-
amined within the tissue slice. The BOLD response decreases with increased deoxyhemoglobin
(HbR) levels and O2 consumption, and increases with increased CBF (see Chapter 5 for further
details). Following increased neural activity in the brain during pathological conditions, the cereb-
ral metabolic rate of O2 consumption (CMRO2) increases while the blood flow decreases [62].
Because the local blood is less oxygenated, there is more HbR present which gives a negative
change in BOLD signal. In contrast, during non-pathological conditions the blood flow increases
following neural stimulation which outweighs the neuronal O2 consumption, and the change in
BOLD signal is positive (generally 2− 4% above baseline).
Figure 45 shows the percentage change from baseline of the BOLD response in a tissue slice with
spatially constant curvature (corresponding to the simulations shown in Figure 43), and the time
series for a selected block in the tissue slice (highlighted in green) for negative, positive and zero
curvature. The BOLD response decreases with increased O2 consumption in the neuron and with
decreased blood flow (both occurring during the CSD wave). For a flat or negatively curved surface
(Γ < 0.002) the BOLD response decreases down to 10.3% below baseline. The BOLD response then
undergoes a slight increase of 1% as the vessel radius dilates with a slow return to baseline. The
wave of decreased BOLD is concurrent with the vasoconstrictive wave. For a positively curved










(b) Percentage change in blood flow
Figure 44: Extracellular K+ concentration Ke and the change in blood flow for the block highlighted in
green in Figure 43, for spatially constant positive, negative and zero Gaussian curvature Γ . a)
For a flat or negatively curved surface (Γ < 0.002) Ke reaches the threshold of 10.2 mM and
quickly rises to around 70 mM. The surface with negative curvature has greater diffusive flux
due to higher spatial coupling C, so the Ke in the highlighted block rises faster and reaches a
slightly higher peak than on a flat surface. However for a positively curved surface (Γ > 0.002)
the diffusive flux of K+ into the highlighted block is not enough to reach the critical threshold.
b) For a flat or negatively curved surface the large increase in Ke induces vasoconstriction and
decreased blood flow of approximately 18%. This is followed by slight vasodilation and increased
blood flow of approximately 2%. For a positively curved surface the small increase in Ke is not
enough to induce any significant change in blood flow.




(d) Percentage change in BOLD response
Figure 45: a-c) The BOLD response for a tissue slice with 32× 32 NVUs and spatially constant positive,
negative and zero Gaussian curvature Γ , and d) the BOLD response for the block highlighted in
green. The BOLD response decreases with increased O2 consumption in the neuron and with de-
creased blood flow (both occurring during the CSD wave). For a flat or negatively curved surface
(Γ < 0.002) the BOLD response decreases with a maximum decrease of 10.3% below baseline. The
BOLD response then undergoes a slight increase of 1% as the vessel radius dilates with a slow
return to baseline. The wave of decreased BOLD is concurrent with the vasoconstrictive wave.
For a positively curved surface, there is not enough K+ in the highlighted block to induce a
propagating CSD wave and vasoconstriction so there is only a minor decrease in BOLD from the




vasoconstriction so there is only a minor decrease in BOLD from the O2 consumption in the
neuron.
7.2.3 Simulating cortical sulci (folds)
In this section a simple mapping is utilised with θ̃ varying as a function of the X coordinate so
that a "valley" is obtained that corresponds to a cortical sulcus, surrounded by positive curvature
(corresponding to ridges or gyri) in the middle of the tissue slice (see Figure 46). The spatial
mapping of θ̃ is given as


















where θrange determines the curvature of the sulcus, Xw determines the width and Xs = 1.3
determines the "slope" of the sulcus wall. This mapping corresponds to a sulcus between two
ridges or gyri (positively curved), where the sulcus can be flat or curved downwards (negatively
curved) as shown in Figure 46. For a flat sulcus, θrange = π2 to obtain a spatial profile where
θ = π2 in the centre (flat) and θ = 0 elsewhere (positively curved). For a negatively curved sulcus,
θrange = π to obtain a spatial profile where θ = π in the centre (negatively curved) and θ = 0
elsewhere (positively curved).
Cortical sulci are generally in the range of 0.5− 3 mm wide, although this width can increase
with age (at a rate of approximately 0.7 mm/decade) [109]. In the following simulations two sulcus
widths of Xw = 6 (approximately 0.75 mm) and Xw = 10 (approximately 1.25 mm) are chosen in
order to analyse the effect of wave size on wave propagation, where wave size is defined as the
activated area with Ke above the critical threshold 10.2 mM.
A rectangular area at the bottom of the tissue slice is stimulated with an input current in the
same manner as in Figure 42. The results for a flat sulcus are shown in Figure 47. With a sulcus
width of Xw = 6 the input stimulus results in a wave that cannot propagate into the positively
curved area due to the low coupling C and hence a lower diffusion rate. This creates a travelling
wave segment that is subexcitable and eventually ceases. The wave segment is subexcitable as a
result of the small wave size as there is insufficient K+ to continue the wave propagation; wave







Figure 46: Surfaces that correspond to a sulcus or fold in the cortex between two ridges or gyri, where blue
denotes negative curvature and red denotes positive curvature. a) a sulcus with flat curvature, b)
a sulcus that curves downward giving it negative curvature.
With a larger sulcus width of Xw = 10 the input stimulus results in a larger wave segment with
sufficient size to allow propagation at a rate of 6.7 mm min−1 (a minimum width of Xw = 8 is
required for wave propagation under these conditions in the model, results not shown).
The results for a negatively curved sulcus are shown in Figure 48. With a sulcus width of Xw = 6
an input stimulus results in a wave segment with small wavesize. The strongly negative curvature
in the centre results in high coupling C and hence a higher diffusion rate. This means that although
the wave segment is small (causing it to cease propagation in a flat sulcus as in Figure 47), the
high diffusion rate means the wave segment is able to continue to propagate.
With a larger sulcus width of Xw = 10 the resulting wave segment propagates at a high rate of
9.7 mm min−1. This is faster than a wave segment travelling in a flat sulcus (Figure 47) due to
higher coupling C. The wave segment is slightly curved due to the spatial curvature gradient. For
a more strongly curved surface (i.e. larger range in Gaussian curvature) the gradient in curvature
is higher so the wave segment is more curved, and the curvature is more negative in the centre so
the wave segment travels faster (results not shown).
7.2.4 Randomly generated surface
Lastly, in order to simulate the complexity of the human cortical surface a random Gaussian
surface is generated with a corresponding Gaussian curvature that determines the spatial coupling
C. This is achieved on a larger tissue slice of 64× 64 NVUs (13 levels in the H-tree).
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Figure 47: Gaussian curvature (left), percentage change in blood flow and the extracellular K+ concentration
(Ke, right) in a tissue slice with 32× 32 NVUs (11 levels in the H-tree and corresponding to a
4mm × 4mm tissue slice) corresponding to a flat sulcus in the cortex shown in Figure 46a. Top
row: Xw = 6, the resulting wave segment is subexcitable and eventually ceases. Bottom row:




Figure 48: Gaussian curvature (left), percentage change in blood flow and the extracellular K+ concentration
(Ke, right) in a tissue slice with 32× 32 NVUs (11 levels in the H-tree and corresponding to a
4mm × 4mm tissue slice) corresponding to a downward curving sulcus in the cortex shown
in Figure 46b. Top row: Xw = 6, the resulting wave segment is able to propagate (despite the
small wave size) due to the highly negative curvature and strong spatial coupling C. Bottom row:




Random surfaces can be generated using a method outlined by Garcia and Stoll [67], where a
distribution of surface points using a random number generator (i.e. white noise) is convolved
with a Gaussian filter to achieve correlation. This convolution is most efficiently performed using
the discrete fast Fourier transform algorithm. The surface has a Gaussian height distribution and
an exponential autocovariance function (ACF) which describes the covariance (correlation) of the
surface with translationally shifted versions.
If Mrand is a 64× 64 matrix of randomly distributed numbers, the correlation of Mrand with a
covariance function gives the height of the surface Z(X, Y):





where F and F−1 denote the Fourier and inverse Fourier transforms respectively. This covariance
function Vcor(X, Y) is given as






where Lcor is the nondimensional correlation length, i.e. the typical distance between two similar
features (hills or valleys corresponding to gyri or sulci). Dahlem et al. [40] stated that Gaussian
curvature in the cortex changes sign approximately every two millimetres, although larger do-
mains of connected polarity (either negative or positive curvature) exist. Based on this assumption
and with a unit block width of 124 µm in the model, Lcor = 5.
The surface used in the following simulations is shown in Figure 49 with a corresponding
Gaussian curvature determined via the Matlab function "surfature". This function determines the
curvature of a surface Z(X, Y) by using the ratio of the determinants of the second and first funda-
mental forms [2]. These forms define the principal curvatures of a surface and are represented as
symmetric matrices, with elements determined by the second and first partial derivatives respect-
ively.
The coupling C is found with Eq. (7.15), using n = 3 and r = 202π (i.e. a strongly curved torus
in order to allow for a large range in curvature Γ ). The current input in the following simulation
is a Gaussian plateau with maximum given by Istrength = 0.006 mA cm−2 and centred in the
area of negative curvature at (X, Y) = (6, 5). Similar simulations are also performed with the
current input centred in an area of positive curvature ((X, Y) = (20, 22)) and a relatively flat area
((X, Y) = (18,−20)) in order to see if a stimulus in these areas will produce a CSD wave.
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(a) Randomly generated surface (b) Gaussian curvature Γ
Figure 49: A randomly generated Gaussian surface with corresponding Gaussian curvature, simulating the
structure of a cortical tissue slice with 64× 64 NVUs and corresponding to a 8mm × 8mm tissue
slice.
Figure 50a shows the extracellular K+ concentration and percentage change in blood flow from
baseline, and Figure 50b shows the Gaussian curvature for selected time steps following a current
input to a negatively curved area (blue in Figure 50b). The Ke wave starts propagating outwards
and is followed by a wave of vasoconstriction and then slight vasodilation. At t = 7 s the wave
attempts to travel through 3 circular areas of positive curvature (red in Figure 50b) corresponding
to hills or ridges on the surface. The low spatial coupling in the positively curved areas breaks
the wave, leaving 2 small wave segments that cease and one larger wave segment that continues
to propagate. At t = 21 s the surviving wave segment then collides with another area of positive
curvature, producing a large and small wave segment (the small one ceases). At t = 26 s the
larger wave segment propagates upwards and grows from the open ends, forming loose spirals
at t = 35 s as the wave cannot travel back into the refractory area. These spirals are often seen in
reaction-diffusion systems and in the dynamics of the cortex [73, 93, 153]. As wave segments go
through negatively curved areas they grow from the ends; it has been found that a curvature of
Γ < −0.009 is necessary for open wave ends to grow in the model (results not shown). At open
ends, the surrounding blocks only receive an influx of K+ from 1 or 2 neighbours. If this smaller
flux is sufficient (as is the case in a negatively curved area with high coupling C) then the wave
will grow and form spirals.
Figure 51 shows the percentage change from baseline of the BOLD response and blood flow for
selected time steps following a current input to a negatively curved area, corresponding to the
simulation shown in Figure 50. The wave of vasoconstriction is concurrent with a decrease in the
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(a) Extracellular K+ concentration Ke in mM
(b) Gaussian curvature Γ and change in blood flow
Figure 50: Input stimulus to an area of negative curvature centred at (X, Y) = (6, 5), on a tissue slice with ran-
domly generated surface properties and spatially varied Gaussian curvature. The wave initially
travels radially outwards and breaks when it enters areas of positive curvature (red), producing
travelling wave segments that can grow and form loose spirals. The Ke wave is followed by a
wave of vasoconstriction. Video available online (https://youtu.be/pa5nfAHmRuM)
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Figure 51: The percentage change from baseline of the BOLD response in a tissue slice with randomly
generated surface properties and spatially varied Gaussian curvature, following a stimulating
current input to an area centred at (X, Y) = (6, 5). The wave of vasoconstriction is concurrent
with a decrease in the BOLD response of approximately 10% due to decreased blood flow and
neuronal O2 consumption. Following this is a wave of slight vasodilation and increased BOLD
response of approximately 1% due to the increased blood flow and because the neurons stop
consuming O2. Video available online (https://youtu.be/4B0lX22UpPI)
BOLD response of approximately 10% due to decreased blood flow and neuronal O2 consumption.
Following this is a wave of slight vasodilation and increased BOLD response of approximately 1%.
This slight increase in BOLD is due to the increased blood flow and decrease in O2 consumption
by the neurons (the Ke wave is in the refractory stage meaning there is no neuronal activity).
An input to a relatively flat area (Figure 52) has a similar effect: a wave of extracellular K+ and
vasoconstriction travels outwards from the input stimulus. The wave breaks when it reaches areas
of positive curvature producing multiple wave segments which either grow (possibly forming
spirals) or cease depending on the curvature and wavesize. Following an input into an area of
positive curvature the spatial coupling is insufficient for allowing a wave to propagate (results not
shown, however videos are available online at https://youtu.be/IkJifJVafoA,https://youtu.
be/5aff5EDe6eo).
Increasing the level of gyrification in the tissue slice (i.e. decreasing Lcor, the typical distance
between two similar features) results in a mapping with many small areas of positive curvature
with little distance between them. When an area is stimulated on a flat or negatively curved section
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(a) Extracellular K+ concentration Ke in mM
(b) Gaussian curvature Γ and change in blood flow
(c) Percentage change in BOLD response
Figure 52: Input stimulus to a relatively flat area centred at (X, Y) = (18,−20), on a tissue slice with ran-
domly generated surface properties and spatially varied Gaussian curvature. The Ke and vaso-
constrictive wave travels outwards from the input stimulus. The wave breaks when it reaches
areas of positive curvature producing multiple wave segments which either grow (possibly form-
ing loose spirals) or cease depending on the curvature and wavesize. Videos available online
(https://youtu.be/1C3nv3d0fH0,https://youtu.be/u_V0ajeYhPk)
of the tissue slice a wave of K+ spreads outwards but is soon broken into multiple smaller waves
which are generally not large enough to continue propagating, leading to the cessation of the CSD
wave (results not shown). Hence for a more strongly curved surface (corresponding to a more
strongly folded cortex) a CSD wave is less able to propagate outwards and cause cellular damage




The numerical NVU model of a 2D cerebral tissue slice coupled to a vascular tree from Chapter
6 has been extended with a cerebral Gaussian curvature mapping to simulate spatial variation in
curvature over the tissue slice. This state of the art model is able to simulate phenomena such as
CSD while also containing the full complex dynamics and multiple pathways of the NVU.
Under pathological conditions radial CSD waves (i.e. with no open ends) will propagate out-
wards from a stimulated area on a flat or negatively curved surface (in the model when the
Gaussian curvature Γ < 0.002 and diffusive coupling C > 0.95). However waves are not able to
propagate on a positively curved surface (Γ > 0.002). These results complement those of Dahlem
et al. [40] who stated that CSD initiation is most likely in areas of negative curvature. Waves will
travel faster when the curvature Γ is more negative as this means the coupling C is higher and
hence the rate of extracellular electrodiffusion is greater. For example, on a flat surface a wave will
travel at approximately 6.7 mm min−1 while on a negatively curved surface with Γ = −0.012 a
wave will travel at approximately 8.5 mm min−1.
Stable wave segments can travel without shrinking or growing from open ends only when there
is a gradient in curvature such that the surface is more positively curved at the wave ends (e.g. if a
wave segment travels along a sulcus or fold in the cortex). For a wave segment travelling through a
flat sulcus surrounded by positively curved ridges (see Figure 46a), if the resulting wave segment
is too small then the wave will be subexcitable and eventually cease propagation, but if the wave
size is large enough (approximately 1 mm across) then the wave segment is able to propagate.
For a wave segment travelling in a sulcus that curves downward (negatively curved, see Figure
46b) the segment will travel fastest in the centre where the surface is most negative, causing the
wave to have a curved shape. The steeper the curvature gradient, the more curved the wave. A
wave segment will propagate regardless of wave size when the sulcus is sufficiently negatively
curved, in this model when Γ < −0.009,C > 1.06. This is the curvature at which a wave segment
can grow from open ends and form loose spirals, as this is when the flux from a single tissue
block is sufficient to induce excitation in a neighbouring block. Note that these results should be
considered on a qualitative basis only; specific values of Γ and C are given but are only valid for
the numerical model presented here with its particular set of model parameters.
Based on cortical folding, mammals can be divided into two groups: those with lissencephalic
brains where the cortical surface is smooth (such as small rodents), and those with gyrencephalic
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brains (such as primates, in particular humans) where the cortex is tightly folded to provide a
greater surface area whilst maintaining a manageable volume within the skull [149, 156]. The level
of gyrification (folding) is dependent on species, though it is largely correlated with brain size
[156]. As a result the smooth murine cortex may be considered as approximately flat, or at most
slightly positively curved. In contrast, the human cortex contains areas of both strongly negative
and positive curvature. This difference in curvature may provide some insight for the difference
observed in various experimental results, detailed below.
Ayata and Lauritzen [6], Chen et al. [30] and Tomita et al. [161] performed experiments on mice,
rats and cats and observed a propagating spreading depression wave radiating outwards from
the initiation point, consistent with the results on a flat surface (Figure 43). This is in contrast to
various experimentalists [38, 37, 39, 153] who suggest that in the human cortex CSD is likely to
propagate via wave segments rather than radial waves. We have shown in the model that wave
segments may only travel as a stable segment when there is a gradient in curvature present on the
surface. This would be unlikely on a smooth murine cortical surface, but a highly folded human
cortex has a large spatial variation in curvature providing a medium for wave segments to travel.
7.4 conclusions
In this chapter a large scale numerical NVC model of multiple NVUs is coupled to a vascular
tree simulating a two-dimensional cerebral tissue slice. This model is extended with a spatial
Gaussian curvature mapping that can simulate the highly folded nature of the human cortex. For
a flat surface comparable to a lissencephalic cortex the model can simulate propagating waves of
high extracellular K+ travelling radially outwards from a stimulated area at approximately 6.7 mm
min−1, corresponding well with multiple experimental results. The high K+ concentration induces
a corresponding wave of vasoconstriction (with decreased blood flow) then slight vasodilation,
achieved through cellular communication within the NVU. The BOLD response decreases below
baseline by approximately 10% followed by an increase of 1%.
For a surface with spatially varied curvature comparable to a section of gyrencephalic cortex,
areas of positive Gaussian curvature inhibit wave propagation due to decreased extracellular dif-
fusion rate. Whereas areas of negative curvature promote propagation. Consequently extracellular
K+ is observed travelling as wave segments (as opposed to radial waves) through flat or negat-
ively curved "valleys" corresponding to folds (sulci) in the cortex. If the wave size (defined as the
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activated area of high K+ concentration) is too small or diffusion rate too low then wave segments
can cease propagation. If the diffusion rate is high enough the wave segments can grow from open
ends forming loose spiral waves. These results may provide some insight into the differences seen
between human and animal experiments.
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C O N C L U D I N G R E M A R K S
Neuronal activity evokes a localised increase in cerebral blood flow (CBF) providing oxygen (O2)
and glucose necessary for cellular function in a response known as neurovascular coupling (NVC).
This response is achieved through communication between neurons, astrocytes and vascular cells,
together comprising a neurovascular unit (NVU). Recent studies suggest that the NVC response
in the diseased or aging brain may be altered [175], including changes in both the chemical me-
diators of NVC, ion channel behaviour, and the dynamics of the vascular system. For example,
in Alzheimer’s disease the production of nitric oxide (NO) is shown to be inhibited [117], hyper-
tension and diabetes can alter smooth muscle cell (SMC) ion channels [95], and aging results in
reduced vascular elasticity and hence limited vasoconstriction/dilation [43].
Numerical models provide insight into the interaction of the cellular-level and macro-scale phe-
nomena studied in silico, a term referring to computer simulations of the dynamics of complex
biological systems as opposed to in vivo or in vitro experimental studies. These in silico simulations
can provide a deeper understanding of experimental results.
The aim of the present research was to obtain a better understanding of the various processes
involved in NVC, and in particular the methods of communication and various pathways in the
brain during normal and impaired NVC. This was accomplished in two parts. The first part fo-
cuses on communication within the NVU and involved extending a biophysical model of a single
NVU with multiple new pathways and compartments. This allowed for the simulation of both
normal and impaired NVC, providing a comprehensive and experimentally validated test bed for
a variety of neurological pathologies. The second part focuses on communication between NVUs
and in particular communication throughout the extracellular space (ECS). The single NVU model
was embedded in a two dimensional (2D) cerebral tissue slice model with a coupled vascular tree,
solved in a parallel environment using high performance computing. The presented model is cur-
rently one of the most complex models of its kind as it is able to simulate the entire NVC process
in a 2D environment, allowing for the simulation of complex spatial phenomena such as cortical
spreading depression (CSD).
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8.1 single nvu model
The mathematical foundation model developed by Dormanns et al. [48] describes the NVC process
in a single NVU and is based on the potassium (K+) signalling pathway. In order to analyse the
role of different signalling pathways within the NVC process, this model was extended with a
simple ECS compartment, the NO pathway developed by Dormanns et al. [47], the glutamate
induced astrocytic calcium (Ca2+) pathway with epoxyeicosatrienoic acid (EET) signalling [56],
and the stretch dependent transient receptor potential vanniloid-related 4 (TRPV4) Ca2+ channel
on the astrocytic endfoot [170].
The results of Chapter 4 showed that in the model the K+ pathway governs the fast onset of
vasodilation while the NO pathway has a delayed response, maintaining dilation longer following
neuronal stimulation. Increases in astrocytic Ca2+ concentration via the Ca2+ signalling pathway
and/or TRPV4 channel to levels consistent with experimental data were found to be insufficient
for inducing either vasodilation or constriction, in contrast to a number of experimental results.
However astrocytic Ca2+ was shown to strengthen K+ induced NVC by further opening the
big potassium (BK) channel on the astrocytic endfoot, consequently allowing more potassium
into the perivascular space (PVS). These results showed that in the model K+ signalling is the
primary pathway for NVC and astrocytic Ca2+ is insufficient by itself. This may suggest that the
model could be missing one or more components of the Ca2+ pathway such as the influence
of Ca2+ channels between the astrocyte and synaptic cleft (SC)/ECS; in the model Ca2+ in the
astrocyte is only altered through release from the internal stores or through the TRPV4 channel.
The limitations of the astrocytic Ca2+ submodel are discussed further in Section 8.3.
The model was later extended with a complex neuron submodel and the blood-oxygen-level
dependent (BOLD) response. This allowed for model validation through comparison with ex-
perimental data; in particular the introduction of a CBF variable allowed for comparison with
experiments using laser doppler flowmetry, and the BOLD submodel allows for comparison with
functional magnetic resonance imaging (fMRI) BOLD scans. The results of Chapter 5 showed that
the change in CBF due to neural activity in the model showed good agreement with the experi-
mental data of Zheng et al. [174] obtained from the rat barrel cortex. When using the neural input
profile of Zheng et al. [174] the model compared well for stimuli of 8 s but the model was unable
to replicate the double maximum of the experimental CBF profile for longer periods. An introduc-
tion of an additional pathway through the locus coeruleus (LC) (on a purely phenomenological
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basis) provided a better comparison with experimental data, further supporting the notion that
there exist numerous signalling pathways in the NVC process.
8.2 tissue slice model
Cells in the cerebral cortex exhibit complex signalling pathways not only within the NVU but also
throughout the tissue. This communication can be via extracellular ion diffusion, complex cell
networks connected by gap junctions, or via the vasculature which perfuses the entirety of the
tissue. The foundation NVU model of Dormanns et al. [48] was implemented on the macro scale
following the work of Dormanns et al. [46] where a cerebral tissue slice comprised of multiple
NVUs is coupled to a vascular H-tree. This model was then extended with extracellular Fickian
K+ diffusion, allowing for direct communication between adjacent NVUs.
The results of Chapter 3 showed that a localised neuronal stimulation resulted in vasodilation
with a decreasing gradient in vessel radius from the stimulated to non-stimulated area. The dila-
tion remained sufficiently spatially localised over larger time scales, and during vasomotion there
was emergent behaviour in the form of waves of increased vessel radius moving towards the
stimulated area. These results indicate that communication within the tissue via extracellular ion
diffusion has a much greater effect than communication solely through the vascular tree, however
this model could not simulate several phenomena such as CSD as the neuron model used was too
simplified.
In order to model complex phenomena such as CSD, this large scale model was then extended
by implementing the additional pathways (NO, astrocytic Ca2+ and the TRPV4 channel), neuron
submodel, and BOLD response described in Chapters 4 and 5. In addition, extracellular ion elec-
trodiffusion and an astrocytic gap junction network were added to allow further communication
throughout the tissue. The results of Chapter 6 showed that under pathological conditions, CSD
waves in the form of high extracellular K+ could propagate radially outwards from a stimulated
area with a wave of vasoconstriction followed by slight vasodilation comparing well with mur-
ine experiments. An astrocytic gap junction network reduced the duration of the vasoconstrictive
wave and the area initially affected. These results show that communication throughout the ECS
is necessary in the model for allowing a CSD wave to propagate, and the communication through
the astrocytic gap junction network regulates the vascular response.
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The flat 2D tissue slice model could simulate the smooth cortex of murine animals but could
not take into account the highly folded nature of the human cortex. Therefore the model was
extended with a spatial Gaussian curvature mapping which allowed for investigation into how
the surface curvature affects the propagation of CSD waves throughout the tissue. The results of
Chapter 7 showed that for a surface with spatially varied curvature comparable to a section of
human cortex, areas of positive Gaussian curvature inhibited wave propagation due to decreased
extracellular diffusion rate, whereas areas of negative curvature promoted propagation. CSD was
observed travelling as wave segments (as opposed to radial waves on a flat surface), providing
some insight into the differences seen between human and animal experiments.
8.3 limitations and future work
8.3.1 Signalling pathways
In Chapter 4 the glutamate induced Ca2+ pathway with EET signalling in the astrocyte is shown
in the model to be insufficient for NVC. However, in addition to their effect on the astrocytic BK
channel, EETs produced in the astrocyte may also have a direct vasodilatory effect on the SMC
[11, 5, 145]. Astrocytes are also able to produce other vasoactive agents following an increase
in Ca2+ concentration such as the vasoconstrictor 20- hydroxyeicosatetraenoic acid (20-HETE)
and cyclooxygenase enzymes (COX) derived prostaglandins, which can be either vasodilating or
vasoconstricting [125, 129]. Pfister et al. [145] hypothesized that EETs could diffuse to the SMC and
activate BK channels leading to K+ efflux. In turn this would cause hyperpolarisation, closing off
the voltage operated Ca2+ channels (VOCCs) and causing relaxation. Fang et al. [55] indicated that
14,15 EETs increased vascular SMC Ca2+ concentration through mediated L-type Ca2+ channels
via some form of secondary messenger. Although they used human bronchial SMCs, Morin et al.
[128] expressed a second pathway for EETs to relax SMCs. In contrast to the activation of myosin
light chain kinase (MLC), this second pathway was possibly due to the activation of protein-kinase
C (PKC)-dependent phosphorylation of myosin phosphatase inhibitor protein (CPI-17) to maintain
tone, thus assuming that dephosphorylation produced relaxation. Finally it should be recognised
that EET-induced dynamics resulting in dilation/constriction vary significantly with species and
vascular beds. Further work is required to determine the importance of these vasoactive agents
(EETs, 20-HETE, and prostaglandins) and their influence on SMC dynamics.
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Mishra et al. [126] provided both in vitro and in vivo evidence for different pathways for NVC
corresponding to either capillary or arteriolar dilations. The astrocytic Ca2+ pathway mediated
pericyte contraction whilst the NO pathway mediated arteriolar dilation. The Ca2+ pathway was
not, as is usually assumed, to come from metabotropic glutamate receptor (mGluR)-5 (which are
lacking in mature murine species) but from the activation of the adenosine triphosphate (ATP) re-
ceptor P2X1 after release of ATP following neuronal activation. In addition the astrocyte generates
arachidonic acid (AA) via phospholipase D2 rather than A2. Finally they indicated that arteriolar
dilation depended on N-methyl-D-aspartate (NMDA) receptor activation and the generation of
NO via the Ca2+ pathway by interneurons. The current model contains only arterioles and no
pericytes. The role of pericytes in NVC has not yet been fully determined with any certainty;
further experiments could provide more insight.
8.3.2 Experimental model validation
The model has been compared with experimental data taken from experiments on anaesthetised
animals. Anaesthesia is known to have drastic effects on the BOLD signals by changing the neural
processing, vascular reactivity and basal metabolism. In evaluating both CBF and cerebral meta-
bolic rate of O2 consumption (CMRO2) normalised values with respect to their baseline conditions
are used. At the moment the specific mechanisms through which anaesthesia can affect the rela-
tionship of baseline conditions are not modelled. However it can be hypothesised that changing
the baseline values of sodium (Na+) and K+ in the ATPase pump of the neuron provide a possible
way of simulating anaesthetic conditions. This is a broad area for future research as different an-
aesthetic agents (fentanyl or isoflurane) are known to have different effects on the BOLD response
[3].
The use of experimentally derived parameters arising from variations in animal models requires
careful consideration of a number of parameters that appear in the presented numerical model.
The model itself has a significant number of parameters (over 270 parameters in the latest itera-
tion) mostly taken from relevant experiments carried out on a variety of animals under different
conditions. It would not be surprising if the parameters had different probability distributions
for different species. For example the rate at which the cerebro-vasculature of a murine species
changes its vessel radii would not necessarily be the same as that found for a porcine or human
model. Therefore care must be taken in making hypotheses about a particular result based on
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either dissimilar animal or mixed animal models. Sensitivity analyses on the numerical model
allows us to correctly determine the "dominant parameters" for a specific quantity of interest such
as the rate of change of radius post-stimulation. However this analysis requires a significant effort
(both analytically and computationally) due primarily to the non-linearity and complexity of the
phenomena being modelled. Work by the research group and collaborators has begun in this area
and is an area of interesting potential research.
8.3.3 Neuron submodel
There are several issues with the neuron model implemented in Chapter 5. The neuron submodel
is integrated with the remainder of the NVU by assuming that the flux from the neuron into the









(JKk − 2JNaKk − JNKCC1k − JKCC1k) , (8.1)
where Ks is the synaptic K+ concentration and the fluxes scaled by the volume ratio VRsk are
between the SC and the astrocyte. During neuronal stimulation, extracellular K+ (Ke) increases
up to 7 mM then reaches a stable state of approximately 6 mM, then drops slightly below baseline
when neuronal stimulation ends as shown in Figure 53a. As the rate of change of K+ in the
SC is dependent on the rate of change of Ke it follows a similar profile with an initial peak of
approximately 14 mM (a higher peak than the ECS as the SC has a smaller volume and the
K+ influx is scaled by the parameter ksyn). However as Ks increases the K+ is taken up by the
astrocyte, causing Ks to drop much lower than its initial value down to approximately 6 mM. This
produces a rapid large initial spike that is not physiologically realistic (see Figure 53b).
This large initial spike causes other issues within in the model when looking at the behaviour
during longer stimulation periods, seen clearly through comparison with the previous model
iteration shown in Chapter 4. Figure 54 shows the results with a 200 s stimulation for the simpler
neuron model of Chapter 4 compared with the new neuron model shown in Chapter 5 with varied
current input strength. The NO pathway is excluded in these results so that the long term effects
of the neuronal input are clearly seen. In the old model (red), there is a small initial spike in Ks
(Figure 54b) with a steady concentration of 8.7 mM for the duration of the stimulation, causing
an uptake of K+ into the astrocyte and hence increase in astrocytic membrane potential (vk) up to
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Figure 53: The K+ concentration in the ECS (Ke) and SC (Ks) in mM. Grey area indicates neuronal stimula-
tion.
−60 mV (Figure 54e) . This causes the BK channel to open (Figure 54f), increasing the perivascular
K+ concentration (Kp) to 8.7 mM and causing the radius to increase to 26 µm.
In contrast, the initial spike of Ks in the new model using a current input strength of 2.2× 10−2
mA cm−2 (blue) is higher than that of the old model (Figure 54b) but the value that it tends to
for the duration of the stimulation is lower (6.5 mM in the new model compared to 8.7 mM in
the old model). As for the other long term behaviour (disregarding the transient behaviour due
to the spike), there is less K+ taken up by the astrocyte and vk only reaches −74 mV, and so the
BK channel has a low open probability (wk) of approximately 0.01 (Figure 54f) according to the
heavily voltage-dependent dynamics of the BK channel shown in Figure 16 in Chapter 4. As a
result Kp reaches only 6.5 mM and hence the radius has an increase up to 20 µm.
If the current input strength is increased to 3.2 × 10−2 mA cm−2 (yellow) so that the long
term value of Ks during the duration of the stimulation reaches a similar concentration as in the
old model (approximately 8.7 mM), then the long term behaviour of the models after a 200 s
stimulation are similar. Note that in the new model Ke (and hence Ks, vk wk and Kp) are slowly
increasing over the stimulation period rather than reaching a stable state as the neuron is being
continuously stimulated by the input current. However, due to the large initial spike present in the
new model, Ks initially increases up to 35 mM, causing a brief but large increase in vk, wk, and
Kp also up to 35 mM. The PVS is connected to the SMC via a inward rectifying K+ (KIR) channel
which reverses direction at high K+ concentrations (discussed in detail in Section 6.3.2 of Chapter
6 and shown clearly in Figure 30). Hence the SMC depolarises and leads to vasoconstriction
following the initial spike. This initial vasoconstriction lasting approximately 10 s is unlikely to
occur during regular NVC. As Chapter 5 focussed on input stimulations with a duration of 16 s
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Figure 54: Comparison of the model from Chapter 4 (red) with the updated model from Chapter 5 contain-
ing a new neuron submodel, with a standard current input strength of 2.2×10−2 mA cm−2 (blue)
and higher input strength of 3.2× 10−2 mA cm−2 (yellow). a) extracellular K+ concentration, b)
synaptic K+ concentration, c) astrocytic Ca2+ concentration, d) astrocytic EET concentration, e)
astrocytic membrane potential, f) open probability of the astrocytic BK channel, g) perivascular
K+ concentration, and h) arteriolar radius.
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or less, the current input strength was kept at 2.2× 10−2 mA cm−2 in order to avoid any initial
vasoconstriction in the results.
During neural stimulation the neuron submodel oscillates on the order of milliseconds due to
the fast open and close rates of several ion channels on the soma/axon and dendrite. However
the rest of the model operates on the order of seconds, producing a two time scale problem. A
neuronal stimulation of 16 physiological seconds takes minutes of wall clock time to solve using
the stiff solver ode15s in Matlab. This is in contrast to the foundation model described in Chapter
2 which used a very simple neuron submodel with no fast mechanics; in this model a neuronal
stimulation of 16 physiological seconds took less than a second to solve.
One possible solution to these problems is the introduction of a simplified neuron model such
as the population model of Wilson and Cowan [169]. This model describes the dynamics of a
spatially localised population of both excitatory and inhibitory neurons. In addition, neurons are
likely to be stimulated as a population rather than individually. The input from the neuron into
the remainder of the NVU (i.e. an input of K+ and glutamate to the SC) can then be taken as a
function of the percentage of neurons in an excited state. Note that a simpler neuron model such
as this would not be ideal for describing pathologies such as CSD which propagates primarily
through the ECS compartment; instead a model like this would be suited to analysis of astrocyte
dynamics or the vascular response.
8.3.4 Cortical spreading depression
The large K+ efflux from the neuron into the ECS that occurs during CSD is reciprocated by
Na+ and chlorine (Cl−) influx that also pulls in water, leading to neuronal swelling and in turn
decreases the volume of the ECS [6]. In the model the volume ratio of the ECS to the neuron is
given by the parameter fe = 0.15, taken from the model of Kager et al. [99]. During CSD neuronal
swelling is observed leading to a decreased volume ratio of 0.05 [98]. In the model decreasing the
parameter fe to 0.05 amplifies extracellular K+ changes, meaning the K+ concentration reaches a
higher peak and decreases more quickly following stimulation, but does not qualitatively alter the
behaviour. However in reality the volume ratio would not be constant, instead decreasing during
the CSD wave as the neurons swell then returning to baseline following the wave. Hence to further
study the effects of cell swelling on CSD would require dynamic rather than constant volumes,
and is an area of possible future research.
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Astrocytic gap junctions are generally known to aid in spatial buffering, where astrocytes take
up large amounts of K+ from the ECS and move it away via gap junctions with neighbouring
astrocytes [8]. In the CSD simulations of Chapter 6 the astrocytic K+ does spread out from the
stimulated area via gap junctions, but this has little effect on the extracellular K+ as there is no
direct link between the astrocyte and ECS present in the model. Instead there are multiple channels
and pumps connecting the astrocyte with the SC, modelled as a subspace of the ECS. Rather than
affecting the extracellular K+ directly, the decrease in astrocytic K+ lowers the perivascular K+
concentration leading to slight vasodilation rather than vasoconstriction. This behaviour is not
directly predicted by experiments, although to date no study has fully described the relative
contribution of gap junctions to the phenomenon of CSD [151]. KIR channels are highly expressed
on astrocytic endfeet adjacent to the synaptic cleft, and K2p channels, Na+/K+/2Cl− transporters
and Na+/K+ ATPase pumps are also expressed on astrocytes [86, 41]. These channels and pumps
may provide further uptake of K+ from the ECS and their inclusion in the model is a possible area
of future research.
8.3.5 Cerebral curvature
For a high resolution fMRI scan the voxel size is on average 1 mm2 [42]; the largest simulations
in this thesis of a 8 mm × 8 mm tissue slice would contain approximately 64 voxels. However
the brain is much larger than this single tissue slice, and future work could involve larger scale
simulations in order to model significant portions of the cerebral cortex.
Wang et al. [168] found that the tension on the cortical surface decreases with age, meaning that
the cortex becomes less folded, and the effect is more pronounced in individuals with Alzheimer’s
disease. The results of Chapter 7 complement this: less folding corresponds to a surface with less
spatial variation in curvature meaning CSD waves are more able to propagate and spread (as there
are less obstacles in the form of areas of positive curvature). This suggests that debilitating CSD
waves would be more likely in the aged or diseased brain due to the decrease in cortical folding.
An interesting future research question would be whether this physiological decrease in tension
or cortical folding is sufficient to allow CSD waves to propagate more freely.
Dahlem et al. [40] investigated the effects of cerebral curvature on CSD initiation and propaga-
tion. They used a generic reaction diffusion model with 2 variables applied to a surface with
Gaussian curvature taken from fMRI scans. The model presented in this thesis is more complex,
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including the full NVC pathway with neuronal, extracellular, astrocytic and vascular dynamics as
well as the BOLD response. Utilising the model with real human brain fMRI scans could provide
extensive insight into CSD propagation dynamics in individual brains which are known to differ
drastically in their morphology based on a multitude of factors such as age, sex, and disease [168].
This is an interesting area of potential future research.
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A
A P P E N D I X
The foundation neurovascular unit (NVU) model of Dormanns et al. [48] (originally developed by
Farr and David [56]) has been extended multiple times throughout this thesis, beginning with 24
ordinary differential equations (ODEs) and ending with 67 ODEs and a large number of algebraic
variables and parameters. The equations and parameters are divided into sections corresponding
to each chapter with different model extensions. The parameters are given for ordinary neurovas-
cular coupling (NVC) conditions.
a.1 model code
The model code for the latest version of the single NVU model detailed in Chapter 5 can be
found at https://github.com/BlueFern/OO-NVU/releases/tag/v2.1. The code is run in Matlab.
The model code for the latest version of the large scale tissue slice model detailed in Chapter 7 can
be found at https://github.com/BlueFern/parbrain/releases/tag/v2.1. The main source code
is written in C and the program to convert the output binary data into .vtu/.vtp files for viewing
in Paraview is written in C++.
a.2 global constants
Parameter Description Value
F Faraday’s constant 96.485 C mmol−1
F̃ Faraday’s constant (in different units) 96485 C mol−1
Rg Gas constant 8.315 J mol−1 K−1
T Temperature constant 300 K
φ RgT/F 26.7 mV
zK Ionic valence for potassium (K+) 1
zNa Ionic valence for sodium (Na+) 1
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zCl Ionic valence for chlorine (Cl−) −1
zNBC Effective valence of the NBC cotransporter complex −1
zCa Ionic valence for calcium (Ca2+) 2
cunit Conversion constant 103
γv Change in membrane potential by a scaling factor 1970 mV µM −1
Table 1: Global constants used in the NVU model.
a.3 foundation model of dormanns et al . (2015)
The foundation NVUs model of Dormanns et al. [48] originally based on the model of Farr and
David [56] is described in Chapter 2; a schematic diagram can be found in Figure 4.
a.3.1 Astrocyte, SC and PVS
a.3.1.1 Input to the model
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The number of K+ ions per unit area in the astrocyte (µM m):
dNKk
dt
= −JKk + 2JNaKk + JNKCC1k + JKCC1k − JBKk (A.3)
The number of Na+ ions per unit area in the astrocyte (µM m):
dNNak
dt
= −JNak − 3JNaKk + JNKCC1k + JNBCk (A.4)
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The number of K+ ions per unit area in the SC (µM m):
dNKs
dt
= JKk − 2JNaKk − JNKCC1k − JKCC1k +K(t) (A.7)
The number of Na+ ions per unit area in the SC (µM m):
dNNas
dt
= JNak + 3JNaKk − JNKCC1k − JNBCk −K(t) (A.8)




The open probability of the big potassium (BK) channel (-):
dwk
dt
= φn(w∞ −wk) (A.10)











Membrane voltage of the astrocyte (V):
vk =
gNakENak + gKkEKk + gClkEClk + gNBCkENBCk + gBKkwkEBKk − JNaKk F̃/cunit
gNak + gKk + gClk + gNBCk + gBKkwk
(A.12)
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The number of Cl− ions per unit area in the SC (µM m):
NCls = NNas +NKs −NHCO3s (A.13)
SC volume-area ratio (m):
Rs = Rtot − Rk (A.14)









(vk − EKk) cunit (A.16)




(vk − ENak) cunit (A.17)





(vk − ENBCk) cunit (A.18)
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wk (vk − EBKk) cunit (A.22)









The time constant associated with the opening of the BK channel (s−1):



























































t0 Start time of neuronal stimulation 100 s
t1 End time of neuronal stimulation 300 s
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tβ Time constant for K(t) 1 s
αn Beta distribution constant for K(t) 2
βn Beta distribution constant for K(t) 5
Kinput Scaling factor for K(t) 1.84× 10−4 µM m s−1
∆t Duration of initial input for K(t) 10 s
Lp Total water permeability per unit area of the astrocyte 2.1× 10−9 µM −1 m s−1
Xk Number of negatively charged impermeable ions in the astro-
cyte divided by the astrocyte area
12.41× 10−3 µM m
VRpk Volume ratio between PVS and astrocyte 0.001
VRpi Volume ratio between PVS and smooth muscle cell (SMC) 0.001
Kdecayp Rate of decay of K
+ in PVS 0.05 s−1
Kminp Steady state value of K
+ in PVS 3× 103 µM
gNak Specific ion conductance of Na
+ 1.314 Ω−1 m−2
gKk Specific ion conductance of K
+ 40 Ω−1 m−2
gClk Specific ion conductance of Cl
− 8.797× 10−1 Ω−1 m−2
gNBCk Specific ion conductance of the NBC co-transporter 7.57× 10−1 Ω−1 m−2
gBKk Specific ion conductance of the BK channel 1.16 Ω
−1 m−2
Rtot Total volume area ratio of the astrocyte and SC 8.79×10−8 m
JNaKmax Maximum flux through the Na
+/K+ ATP-ase pump 1.42×10−3 µM m s−1
KNak Na
+/K+ ATP-ase pump constant 10× 103 µM
KKs Na
+/K+ ATP-ase pump constant 1.5× 103 µM
ψn Characteristic time for the opening of the BK channel 2.664 s−1
v6 Voltage associated with the opening of half the population 22× 10−3 V
v4 A measure of the spread of w∞ 14.5× 10−3 V




Cytosolic Ca2+ in the SMC (µM):
dCai
dt
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Ca2+ in the sarcoplasmic reticulum (SR) of the SMC (µM):
dsi
dt
= JSRuptakei − JCICRi − JSRleaki (A.31)
Membrane potential of the SMC (mV):
dvi
dt




Open state probability of Ca2+-activated K+ channels (-):
dwi
dt
= λi (Kacti −wi) (A.33)
inositol trisphosphate (IP3) concentration in the SMC (µM):
dIP3i
dt




K+ concentration in the SMC (µM):
dKi
dt
= JNaKi − JKIRi − JKi (A.35)
a.3.2.2 Algebraic Variables
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Leak current from the SR (µM s−1):
JSRleaki = Lisi (A.40)
The flux of Ca2+ through the voltage operated Ca2+ channel (VOCC) which connects the SMC to
the PVS (µM s−1):
JVOCCi = GCai
vi − vCa1
1+ exp [−(vi − vCa2)/RCai]
(A.41)

















)) (vi − ESAC) (A.43)
Flux through the Na+/K+ pump (µM s−1):
JNaKi = FNaK (A.44)
Cl− flux through the Cl− channel (µM s−1):
JCli = GCli (vi − vCli) (A.45)
K+ flux through K+ channel (µM s−1):
JKi = GKiwi (vi − vKi) (A.46)
IP3 degradation (µM s−1):
Jdegradi = kdiIP3i (A.47)
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Flux through inward rectifying K+ (KIR) channels in the SMC (µM s−1):
JKIRi = GKIRi(vi − vKIRi) (A.48)
Nernst potential of the KIR channel in the SMC (mV):
vKIRi = z1Kp − z2 (A.49)
Conductance of KIR channel (µM mV−1 s−1):
GKIRi = FKIRi exp(z5vi + z3Kp − z4) (A.50)





2 +αacti exp(− ([vi − vCa3i ] /RKi))
(A.51)
Heterocellular electrical coupling between SMCs and endothelial cells (ECs) (mV s−1):
VSMC−ECcouplingi = −Gcoup(vi − vj) (A.52)
Heterocellular IP3 coupling between SMCs and ECs (µM s−1):
JSMC−ECIP3−couplingi = −PIP3(IP3i − IP3j) (A.53)
Ca2+ coupling between SMCs and ECs (µM s−1):
JSMC−EC
Ca2+−couplingi
= −PCa2+(Cai −Caj) (A.54)
Parameter Description Value
λi Rate constant for opening 45 s−1
Fi Maximal rate of activation-dependent Ca2+ influx 0.23 µM s−1
Kri Half-saturation constant for agonist-dependent Ca2+
entry
1 µM
Bi SR uptake rate constant 2.025 µM s−1
cbi Half-point of the SR ATP-ase activation sigmoidal 1 µM
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Ci CICR rate constant 55 µM s−1
sci Half-point of the CICR Ca2+ efflux sigmoidal 2 µM
cci Half-point of the CICR activation sigmoidal 0.9 µM
Di Rate constant for Ca2+ extrusion by the ATP-ase pump 0.24 s−1
vd Intercept of voltage dependence of extrusion ATP-ase −100 mV
Rdi Slope of voltage dependence of extrusion ATP-ase 250 mV
Li Leak from SR rate constant 0.025 s−1
GCai Whole-cell conductance for VOCCs 1.29×10−3 µM mV−1 s−1
vCa1i Reversal potential for VOCCs 100 mV
vCa2i Half-point of the VOCC activation sigmoidal −24 mV
RCai Maximum slope of the VOCC activation sigmoidal 8.5 mV
GNa/Cai Whole-cell conductance for Na+/Ca2+ exchange 3.16×10−3 µM mV−1 s−1
cNa/Cai Half-point for activation of Na+/Ca2+ exchange by
Ca2+
0.5 µM
vNa/Cai Reversal potential for the Na+/Ca2+ exchanger −30 mV
Gstretch Whole cell conductance for stretch activated channels
(SACs)
6.1×10−3 µM mV−1 s−1
αstretch Slope of stress dependence of the SAC activation sig-
moidal
7.4×10−3 mmHg−1
∆p Pressure difference over vessel 30 mmHg
σ0 Half-point of the SAC activation sigmoidal 500 mmHg
ESAC Reversal potential for SACs −18 mV
FNaK Rate of the K+ influx by the Na+/K+ pump 4.32×10−2 µM s−1
GCli Whole-cell conductance for Cl− current 1.34×10−3 µM mV−1 s−1
vCli Reversal potential for Cl− channels −25 mV
GKi Whole-cell conductance for K+ efflux 4.46×10−3 µM mV−1 s−1
vKi Nernst potential −94 mV
kdi Rate constant of IP3 degradation 0.1 s−1
FKIRi Scaling factor of K
+ efflux through the KIR channel 0.381 µM mV−1 s−1
z1 Model estimation for membrane voltage KIR channel 4.5×103 mV µM −1
z2 Model estimation for membrane voltage KIR channel 112 mV
z3 Model estimation for the KIR channel conductance 4.2× 10−4 µM −1
z4 Model estimation for the KIR channel conductance 12.6
z5 Model estimation for the KIR channel conductance −7.4× 10−2 mV−1
αacti Translation factor for vi dependence of Kacti sigmoidal 0.13 µM
2
vCa3i Half-point for the Kacti activation sigmoidal −27 mV
RKi Maximum slope of the Kacti activation sigmoidal 12 mV
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Gcoup Heterocellular electrical coupling coefficient 0.5 s−1
PIP3 Heterocellular IP3 coupling coefficient 0.05 s
−1
PCa2+ Heterocellular PCa2+ coupling coefficient 0.05 s−1
Table 3: Parameters used in the SMC compartment in the foundation model of Dormanns et al. [48].
a.3.3 EC
a.3.3.1 ODEs
Cytosolic Ca2+ concentration in the EC (µM):
dCaj
dt




Ca2+ concentration in the endoplasmic reticulum (ER) of the EC (µM):
dsj
dt
= JERuptakej − JCICRj − JERleakj (A.56)










IP3 concentration of the EC (µM):
dIP3j
dt
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Ca2+ extrusion by Ca2+-ATP-ase pumps (µM s−1):
Jextrusionj = DjCaj (A.62)









)) (vj − ESAC) (A.63)
Leak current from the ER (µM s−1):
JERleakj = Ljsj (A.64)
Ca2+ influx through nonselective cation channels (µM s−1):










K+ current through the BKCaj channel and the SKCaj channel (fA):










(log10(Caj/clog) − c)(vj − bj) − a1j
m3bj(vj + a2j(log10(Caj/clog) − c) − bj)2 +m4bj
))
(A.67)









Residual current regrouping Cl− and Na+ current flux (fA):
IRj = GRj(vj − vrestj) (A.69)
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IP3 degradation (µM s−1):
Jdegradj = kdjIP3j (A.70)
Parameter Description Value
J0j Constant Ca
2+ influx 0.029 µM s−1
Cmj Membrane capacitance 25.8 pF
JPLC IP3 production rate 0.18 µM s−1
Fj Maximal rate of activation-dependent Ca2+ influx 0.23 µM s−1
Krj Half-saturation constant for agonist-dependent Ca2+ entry 1 µM
Bj ER uptake rate constant 0.5 µM s−1
cbj Half-point of the SR ATP-ase activation sigmoidal 1 µM
Cj CICR rate constant 5 µM s−1
scj Half-point of the CICR Ca2+ efflux sigmoidal 2 µM
ccj Half-point of the CICR activation sigmoidal 0.9 µM
Dj Rate constant for Ca2+ extrusion by the ATP-ase pump 0.24 s−1
Lj Rate constant for Ca2+ leak from the ER 0.025 s−1
Gcatj Whole-cell cation channel conductivity 6.6×10−4 µM mV−1 s−1
ECaj Ca2+ equilibrium potential 50 mV
clog Log constant 1 µM
Gtotj Total K+ channel conductivity 6927 pS
vKj K+ equilibrium potential −80 mV
m3catj Model constant, further explanation see [111] −0.18
m4catj Model constant, further explanation see [111] 0.37
c Model constant, further explanation see [111] −0.4
bj Model constant, further explanation see [111] −80.8 mV
a1j Model constant, further explanation see [111] 53.3 mV
a2j Model constant, further explanation see [111] 53.3 mV
m3bj Model constant, further explanation see [111] 1.32×10−3 mV−1
m4bj Model constant, further explanation see [111] 0.30 mV
m3sj Model constant, further explanation see [111] −0.28
m4sj Model constant, further explanation see [111] 0.389
GRj Residual current conductivity 955 pS
vrestj Membrane resting potential −31.1 mV
kdj Rate constant of IP3 degradation 0.1 s−1
Table 4: Parameters used in the EC compartment in the foundation model of Dormanns et al. [48].
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a.3.4 Wall mechanics
a.3.4.1 ODEs
Fraction of free phosphorylated cross-bridges (-):
d[Mp]
dt
= K4[AMp] +K1[M] − (K2 +K3)[Mp] (A.71)
Fraction of attached phosphorylated cross-bridges (-):
d[AMp]
dt
= K3[Mp] +K6[AM] − (K4 +K5)[AMp] (A.72)
Fraction of attached dephosphorylated cross-bridges (-):
d[AM]
dt
















Fraction of free non-phosphorylated cross-bridges (-):
[M] = 1− [AM] − [AMp] − [Mp] (A.75)
Rate constants for phosphorylation of M to Mp and of AM to AMp (s−1):
K1 = K6 = γcrossCa
ncross
i (A.76)
Wall thickness of the vessel (µm):
h = 0.1R (A.77)
Fraction of attached myosin cross-bridges (-):
Fr = [AMp] + [AM] (A.78)
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Young’s modulus (Pa):
E = Epas + Fr (Eact − Epas) (A.79)
Initial radius (µm):
R0 = Rinit + Fr(αR − 1)Rinit (A.80)
Parameter Description Value
K2 Rate constant for the dephosphorylation of Mp to M 0.5 s−1
K3 Rate constant for attachment of phosphorylated crossbridges 0.4 s−1
K4 Rate constant for detachment of phosphorylated crossbridges 0.1 s−1
K5 Rate constant for the dephosphorylation of AMp to AM 0.5 s−1
K7 Rate constant for detachment of dephosphorylated cross-
bridges
0.1 s−1
Rinit Vessel radius when passive and no stress is applied 20 µm
η Viscosity 104 Pa s
PT Transmural pressure 4×103 Pa
γcross Sensitivity of the contractile apparatus to Ca2+ 17 µM −3s−1
ncross Fraction constant of the phosphorylation crossbridge 3
Epas Young’s moduli for the passive vessel 66×103 Pa
Eact Young’s moduli for the active vessel 233×103 Pa
αR Scaling factor for initial radius 0.6
Table 5: Parameters used in the wall mechanics submodule in the foundation model of Dormanns et al. [48].
a.4 model extension : extracellular diffusion
This model extension is described in Chapter 3 and a schematic diagram can be found in Figure
8.
Extracellular K+ concentration (µM):
dKe
dt
= JKi − JNaKi − Jdiff (A.81)






A.5 model extension : nitric oxide , astrocytic Ca2+ dynamics and the trpv4 channel
a.4.1 Tissue slice model
























τs Characteristic time for diffusion between the SC and ECS 2.8 s
τe Characteristic time for extracellular diffusion between adjacent NVU blocks 4.3 s
Table 6: Parameters used in the extracellular diffusion extension to the NVU model.
a.5 model extension : nitric oxide , astrocytic Ca2+ dynamics
and the trpv4 channel
This model extension is described in Chapter 4 and a schematic diagram can be found in Figure
14. The nitric oxide (NO) pathway is based on the work of Dormanns et al. [47].
a.5.1 NO pathway
a.5.1.1 Input to the model
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NO concentration in the neuron (µM):
dNOn
dt
= pNO,n − cNO,n + dNO,n (A.87)
NO concentration in the astrocyte (µM):
dNOk
dt
= pNO,k − cNO,k + dNO,k (A.88)
NO concentration in the SMC (µM):
dNOi
dt
= pNO,i − cNO,i + dNO,i (A.89)






+ (1− γeNOS)gmaxFwss − µdeact,j[eNOS]j (A.90)
NO concentration in the EC (µM):
dNOj
dt
= pNO,j − cNO,j + dNO,j (A.91)
Fraction of soluble guanylyl cyclase (sGC) in the basal state (-):
dEb
dt
= −k1EbNOi + k−1E6c + k4E5c (A.92)
Fraction of sGC in the intermediate form (-):
dE6c
dt
= k1EbNOi − (k−1 + k2)E6c − k3E6cNOi (A.93)
Concentration of cyclic guanosine monophosphate (cGMP) in the SMC (µM):
dcGMPi
dt





A.5 model extension : nitric oxide , astrocytic Ca2+ dynamics and the trpv4 channel
a.5.1.3 Algebraic Variables

















Total inward Ca2+ current for all open NMDA receptors per synapse (fA):
ICa,tot = (nNR2,AwNR2,A +nNR2,BwNR2,B)ICa (A.98)












Neuronal NO consumption flux (µM s−1):
cNO,n = kO2,n[NO]2n[O2]n (A.101)
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Astrocytic NO production flux (µM s−1):
pNO,k = 0 (A.104)
Astrocytic NO consumption flux (µM s−1):
cNO,k = kO2,k[NO]2k[O2]k (A.105)













SMC NO production flux (µM s−1):
pNO,i = 0 (A.108)
SMC NO consumption flux (µM s−1):
cNO,i = kdno[NO]i (A.109)








sGC kinetics rate constant (s−1):
k4 = C4[cGMP]2i (A.111)
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Fraction of sGC in the fully activated form (-):
E5c = 1− Eb − E6c (A.112)







Maximum cGMP production rate (µM s−1):
Vmax,pde = kpde[cGMP]i (A.114)







































EC NO consumption flux (µM s−1):
cNO,j = kO2,j[NO]2j [O2]j (A.120)
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Rate constants for dephosphorylation of Mp to M and of AMp to AM (s−1):






[Glu]max Maximum glutamate concentration (one vesicle) 1846 µM
θL Slope scaling factor for Glu(t) 1 s
θR Slope scaling factor for Glu(t) 1 s
λbuf Buffer capacity 20
Vspine Dendritic spine volume 8× 10−5 pL
κex Decay rate constant of internal Ca2+ concentration 1.6× 103 s−1
[Ca]rest Resting internal Ca2+ concentration 0.1 µM
Vmax,nNOS Maximum nNOS activation rate 25× 10−3 µM s−1
Km,nNOS Michaelis constant 9.27× 10−2 µM
µdeact,n Rate constant at which nNOS is deactivated 0.0167 s−1
γeNOS Relative strength of the Ca2+ dependent pathway for eNOS
activation
0.1
Kdis eNOS-caveolin disassociation rate 0.09 µM s−1
Km,eNOS Michaelis constant 0.45 µM
gmax Maximum wall-shear-stress-induced eNOS activation 0.06 µM s−1
µdeact,j eNOS-caveolin association rate 0.0167 s−1
k−1 sGC kinetics rate constant 100 s−1
k1 sGC kinetics rate constant 2× 103 µM −1 s−1
k2 sGC kinetics rate constant 0.1 s−1
k3 sGC kinetics rate constant 3 µM −1 s−1
Vmax,sGC Maximal cGMP production rate 0.8520 µM s−1
Km,pde Michaelis constant 2 µM
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Km,A Michaelis constant 650 µM
Km,B Michaelis constant 2800 µM
vn Neuronal membrane potential −40 mV
GM Conductance of NMDA receptor 46 pS
PCa/PM Ratio of Ca2+ permeability to monovalent ion permeability 3.6
[Ca]ex External Ca2+ concentration 2× 103 µM
[M] Concentration of monovalent ions 1.3× 105 µM
αv Voltage-dependent Mg2+ block parameter −0.08 mV−1
βv Voltage-dependent Mg2+ block parameter 20 mV
nNR2,A Average number of NR2A NMDA receptors 0.63
nNR2,B Average number of NR2B NMDA receptors 11
mc Number of Ca2+ ions bound per calmodulin 4
Vmax,NO,n Maximum catalytic rate of neuronal NO production 4.22 s−1
[O2]n oxygen (O2) concentration in the neuron 200 µM
Km,O2,n Michaelis constant for nNOS for O2 243 µM
[LArg]n L-Arg concentration in the neuron 100 µM
Km,LArg,n Michaelis constant for nNOS for LArg 1.5 µM
kO2,n O2 reaction rate constant 9.6× 10−6 µM −2 s−1
xnk Distance between centres of neuron and astrocyte 25 µm
Dc,NO NO diffusion coefficient 3300 µm 2s−1
kO2,k O2 reaction rate constant 9.6× 10−6µM −2s−1
[O2]k O2 concentration in the astrocyte 200 µM
xki Distance between centres of astrocyte and SMC compartments 25 µm
kdno Constant reflecting the activity of various NO scavengers 0.01 s−1
C4 sGC rate scaling constant 0.011 µM −2 s−1
Km,mlcp Hill coefficient 5.5 µM
kpde Phosphodiesterase rate constant 0.0195 s−1
xij Distance between centres of SMC and EC compartments 3.75 µm
αwss Zero shear open channel constant 2
W0 Shear gating constant 1.4 Pa−1
δwss Membrane shear modulus 2.86 Pa
∆P/L Pressure drop over length of arteriole 9.1× 10−2 Pa µm −1
Vmax,NO,j Maximum catalytic rate of NO production 1.22 s−1
[O2]j O2 concentration in the EC 200 µM
Km,O2,j Michaelis constant for eNOS for O2 7.7 µM
[LArg]j L-Arg concentration in the neuron 100 µM
Km,L-Arg,j Michaelis constant for L-Arg 1.5 µM
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kO2,j O2 reaction rate constant 9.6× 10−6 µM −2 s−1
rl Constant of lumen radius 25 µm
βw,i Constant to fit data 1 µM
αw,i Constant to fit data 10.75 µM
εw,i Constant to fit data 0.668 µM
δK Constant to fit data 58.14
kmlpc,b Basal MLC dephosphorylation rate constant 0.86× 10−2 s−1
kmlpc,c First-order rate constant for cGMP regulated MLC dephos-
phorylation
3.27× 10−2 s−1
Table 7: Parameters used in the NO extension to the NVU model.
a.5.2 Astrocytic Ca2+ Pathway and TRPV4 channel
a.5.2.1 ODEs










The astrocytic IP3 concentration (µM):
dIP3k
dt
= rhG− kdeg IP3k (A.125)
The astrocytic epoxyeicosatrienoic acid (EET) concentration (µM):
deetk
dt
= Veetmax(Cak − ckmin , 0) − keeteetk (A.126)






(JIP3k − Jpumpk + JERleakk) (A.127)
The inactivation variable hk of the astrocytic IP3R channel (-):
dhk
dt
= kon [Kinh − (Cak +Kinh)hk] (A.128)
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The ratio ρ of bound to unbound metabotropic receptors on the astrocytic process adjacent to the
SC (-):




The ratio G of active to total G-protein due to metabotropic glutamate receptor (mGluR) binding
on the astrocyte endfoot surround the SC (-):
G =
ρ+ δG
KG + ρ+ δG
(A.132)








































A.5 model extension : nitric oxide , astrocytic Ca2+ dynamics and the trpv4 channel
The flux of Ca2+ through the TRPV4 channel (µM s−1):
JTRPVk = GTRPVkmk(vk − ETRPVk)cunit (A.137)





















































Membrane voltage of the astrocyte (V):
vk =
gNakENak + gKkEKk + gClkEClk + gNBCkENBCk + gBKkwkEBKk + gTRPVkmkETRPVk − JNaKk F̃/cunit
gNak + gKk + gClk + gNBCk + gBKkwk + gTRPVkmk
(A.144)
The time constant associated with the opening of the BK channel (s−1):
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rbuff Rate of Ca2+ buffering at the endfoot compared to the astro-
cyte body
0.05
rh Maximum rate of IP3 production in astrocyte due to glutamate
receptors
4.8 µM s−1
kdeg Rate constant for IP3 degradation in astrocyte 1.25 s−1
Veet EET production rate 72 s−1
ckmin Minimum Ca
2+ concentration required for EET production 0.1 µM
keet EET degradation rate 7.2 s−1
VRERcyt Volume ratio between ER and astrocytic cytosol 0.185
kon Rate of Ca2+ binding to the inhibitory site on the IP3R 2 µM −1 s−1
Kinh Disassociation constant of IP3R 0.1 µM
Cadecayp Rate of decay of Ca
2+ in PVS 0.5 s−1
Caminp Steady state value of Ca
2+ in PVS 2× 103 µM
tTRPVk Characteristic time constant for mk 0.9 s
ρmin Minimum ratio of bound to unbound IP3 receptors 0.1
ρmax Maximum ratio of bound to unbound IP3 receptors 0.7
δG Ratio of the activities of the unbound and bound receptors 1.235× 10−2
KG G-protein disassociation constant 8.82
BKend Ratio of endogenous buffer concentration to disassociation con-
stant
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Kex Disassociation constant of exogenous buffer 0.26 µM
Bex Concentration of exogenous buffer 11.35 µM
Jmax Maximum rate of Ca2+ through the IP3 mediated channel 2880 µM s−1
Ki Disassociation constant for IP3 binding to an IP3R 0.03 µM
Kactk Disassociation constant for Ca
2+ binding to an activation site
on an IP3R
0.17 µM
Vmax Maximum rate of Ca2+ uptake pump on the ER 20 µM s−1
kpump Ca2+ uptake pump disassociation constant 0.24 µM
PL ER leak channel steady state balance constant 0.0804 µM s−1
GTRPVk TRPV4 whole cell conductance 3.15 × 10−4 µM
mV−1 s−1
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v1,TRPV TRPV4 channel voltage gating constant 0.12 V
v2,TRPV TRPV4 channel voltage gating constant 0.013 V
η0 Strain required for half activation of the TRPV4 channel 0.1
κk TRPV4 channel strain constant 0.1
γCai Ca2+ concentration constant 0.01 µM
γCae Ca2+ concentration constant 200 µM
Ca3 BK open probability Ca2+ constant 0.4 µM
Ca4 BK open probability Ca2+ constant 0.35 µM
gTRPVk TRPV4 channel conductance per unit area 1.35× 10−2 S m2
v4 Measure of the spread of w∞ (∗) 8×10−3 V
v5 Determines the range of the shift of w∞ as Ca2+ varies (∗) 15×10−3 V
v6 Shifts the range of w∞ (∗) −55× 10−3 V
eetshift Describes the EET dependent voltage shift 2×10−3 µM −1
Table 8: Parameters used in the astrocytic Ca2+ and TRPV4 channel extension to the NVU model, where
an asterisk (∗) denotes a parameter that has changed in value from the previous model version.
a.5.3 Other modified equations
Cytosolic Ca2+ in the SMC (µM):
dCai
dt




Cytosolic Ca2+ concentration in the EC (µM):
dCaj
dt




JPLC IP3 production rate (∗) 0.11 µM s−1
a.6 model extension : neuron dynamics and the bold signal
This model extension is described in Chapter 5 and a schematic diagram can be found in Figure
22. The neuron dynamics and blood-oxygen-level dependent (BOLD) signal submodel is based on
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the work of Mathias et al. [122]. The flux Jdiff and the input functions K(t) and Glu(t) from the
previous model version have been removed.
a.6.1 Neuron and Extracellular Space
a.6.1.1 Input to the model
The input current to the soma (mA cm−2):
Iinput =























(vsa − vd) (A.151)





















































A.6 model extension : neuron dynamics and the bold signal
The buffer concentration in the ECS (Buffe) (mM):
dBuffe
dt






) − µBuffe (A.157)
Activation gating variable m∗ (for m1 to m8) (-):
dm∗
dt
= (αm∗(1−m∗) −βm∗m∗) (A.158)
Deactivation gating variable h∗ (for h1 to h6) (-):
dh∗
dt
= (αh∗(1− h∗) −βh∗h∗) (A.159)
The tissue O2 concentration (mM):
dO2
dt
= JO2 vascular − JO2 background − JO2 pump (A.160)
a.6.1.3 Algebraic Variables
Total current of ions in soma/axon (sa) or dendrite (d) (mA cm−2):
Itot∗ = IK,tot∗ + INa,tot∗ + Ileak∗ (A.161)
Total current of K+ in soma/axon (mA cm−2):
IK,totsa = IKDRsa + IKAsa + IK,leaksa + Ipump,Ksa (A.162)
Total current of K+ in dendrite (mA cm−2):
IK,totd = IKDRd + IKAd + IK,leakd + Ipump,Kd + INMDA,Kd (A.163)
Total current of Na+ in soma/axon (mA cm−2):
INa,totsa = INaPsa + INaTsa + INa,leaksa + Ipump,Nasa (A.164)
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Total current of Na+ in dendrite (mA cm−2):
INa,totd = INaPd + INa,leakd + Ipump,Nad + INMDA,Nad (A.165)
K+ current through Na+/K+ ATP-ase pump in the soma/axon (sa) or dendrite (d) (mA cm−2):
Ipump,K∗ = −2 Ipump∗ (A.166)
Na+ current through Na+/K+ ATP-ase pump in soma/axon (sa) or dendrite (d) (mA cm−2):
Ipump,Na∗ = 3 Ipump∗ (A.167)
Na+/K+ ATP-ase pump flux in soma/axon (sa) or dendrite (d) (mA cm−2):
Ipump∗ = ImaxJpump1∗Jpump2(O2) (A.168)




















The vascular supply of O2 (mM s−1):




The background O2 consumption (mM s−1):
JO2 background = J0PO2(1− γO2) (A.172)
The tissue O2 consumption due to the ATP-ase pump (mM s−1):
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Leak currents of K+, Na+ and general leak in the soma/axon or dendrite (mA cm−2):
IK,leak∗ = gK,leak∗(v∗ − EK∗) (A.177)
INa,leak∗ = gNa,leak∗(v∗ − ENa∗) (A.178)
Ileak∗ = gleak∗(v∗ − Eleak∗) (A.179)
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K+ current through NMDA channel in the dendrite (mA cm−2):

















1+ 0.33 [Mg]0 exp(−0.07vd − 0.7)
) (A.186)




















Na+ current through transient Na+ (NaT) channel in soma/axon (mA cm−2):







































Na+ current through NMDA channel in dendrite (mA cm−2):

















1+ 0.33 [Mg]0 exp(−0.07vd − 0.7)
) (A.190)





1+ exp(−(0.143vsa + 5.67))
(A.191)
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1− exp(−(0.2vsa + 6.98))
(A.193)
βm2 = 250 exp(−(0.025vsa + 1.25)) (A.194)
αm3 = 20
vsa + 56.9




















βm5 = 500−αm5 (A.200)
αm6 = 16
vd + 34.9
1− exp(−(0.2vd + 6.98))
(A.201)
βm6 = 250 exp(−(0.025vd + 1.25)) (A.202)
αm7 = 20
vd + 56.9












exp(0.2vsa + 4.978) − 1
(A.206)
Rate functions for the deactivation (h) gating variables (s−1):
αh1 = 5.12× 10
−5 exp(−(0.056vsa + 2.94)) (A.207)
βh1 = 1.6× 10
−3 1
1+ exp(−(0.2vsa + 8))
(A.208)
αh2 = 16 exp(−(0.056vsa + 4.61)) (A.209)
βh2 = 500
1
1+ exp(−(0.2vsa + 11.98))
(A.210)
αh3 = 5.12× 10
−5 exp(−(0.056vd + 2.94)) (A.211)
βh3 = 1.6× 10
−3 1









βh4 = 0.5−αh4 (A.214)
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αh5 = 16 exp(−(0.056vd + 4.61)) (A.215)
βh5 = 500
1
1+ exp(−(0.2vd + 11.98))
(A.216)
αh6 = 128 exp(−(0.056vsa + 2.94)) (A.217)
βh6 = 4× 10
3 1
1+ exp(−(0.2vsa + 6))
(A.218)























The number of K+ ions per unit area in the SC (µM m):
dNKs
dt
= JKk − 2JNaKk − JNKCC1k − JKCC1k + JNEtoSC (A.221)
The number of Na+ ions per unit area in the SC (µM m):
dNNas
dt
= JNak + 3JNaKk − JNKCC1k − JNBCk − JNEtoSC (A.222)











O2 concentration in the EC (µM):
[O2]j = cunitO2 (A.224)
Parameter Description Value
Istrength Amplitude of input current 0.022 mA cm−2
t0 Start time of input current (∗) 0 s
t1 Final time of input current (∗) 20 s
Cm Membrane capacitance 7.5×10−7 S cm−2 s
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Ra Input resistance of dendritic tree 1.83×105 Ω
δd Half length of dendrite 4.5×10−2 cm
As Soma/axon surface area 1.586×10−5 cm2
Ad Dendrite surface area 2.6732×10−4 cm2
Vs Soma/axon volume 2.16×10−9 cm3
Vd Dendrite volume 5.614×10−9 cm3
fe ECS to neuron volume ratio 0.15
DNa,n Intracellular diffusion rate of Na+ 1.33×10−5 cm2 s−1
DK,n Intracellular diffusion rate of K+ 1.96×10−5 cm2 s−1
µ Buffer rate 8× 10−4 ms−1
B0 Effective total buffer concentration 500 mM
Imax Maximum rate of Na+/K+ ATP-ase pump 0.078 mA cm−2
Ke,0 Equilibrium Ke 2.9 mM
Nasa,0 Equilibrium Nasa 10 mM
Nad,0 Equilibrium Nad 10 mM
O2b Blood O2 level 0.04 mM
O20 Equilibrium tissue O2 level 0.02 mM
αO2 Fraction of O2 independent ATP production 0.05
J0 Equilibrium change in O2 concentration due to CBF 0.032 mM s−1
γO2 Fraction of the total O2 consumption at steady state 0.1
Jpump1sa0 Steady state pump rate in the soma/axon 0.0312
Jpump1d0 Steady state pump rate in the dendrite 0.0312
CBFinit Equilibrium CBF 0.032
Jpump2(0) Pump rate when O2 concentration is 0 0.0952
Jpump2(O20) Pump rate when O2 is at equilibrium 1
gK,leaksa Conductance of K
+ leak channel on soma/axon 2.1989× 10−4 S cm−2
gNa,leaksa Conductance of Na
+ leak channel on soma/axon 6.2378× 10−5 S cm−2
gleaksa Conductance of general leak channel on soma/axon 6.2378× 10−4 S cm−2
gK,leakd Conductance of K
+ leak channel on dendrite 2.1987× 10−4 S cm−2
gNa,leakd Conductance of Na
+ leak channel on dendrite 6.2961× 10−5 S cm−2
gleakd Conductance of general leak channel on dendrite 6.2961× 10−4 S cm−2
Eleaksa Nernst potential for general leak in the soma/axon −70 mV
Eleakd Nernst potential for general leak in the dendrite −70 mV
gKDR KDR channel conductance 10−4 S cm−2
gKA KA channel conductance 10−5 S cm−2
gNMDA NMDA channel conductance 10−5 S cm−2
gNaP NaP channel conductance 2× 10−6 S cm−2
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gNaT NaT channel conductance 10−5 S cm−2
[Mg]0 Equilibrium magnesium 1.2 mM L−1
ksyn The number of active synapses per astrocytic process 11.5
Keswitch Threshold past which glutamate is released 5.5 mM
Gluslope Slope of glutamate sigmoidal 0.1 mM
Table 9: Parameters used in the neuron and extracellular space extension to the NVU model, where an
asterisk (∗) denotes a parameter that has changed in value from the previous model version.
a.6.2 BOLD response
a.6.2.1 ODEs

































where the normalised CBF is given by CBFN = CBF/CBF(0) and CBF(0) is the steady state value,
similarly for HbR and CMRO2N .
The non dimensional normalised oxyhemoglobin (HbO) concentration (-):
HbON = HbTN − HbRN + 1 (A.228)
The time dependent outflow from the venous compartment (-):
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The cerebral metabolic rate of O2 consumption (mM s−1):
CMRO2 = JO2 background + JO2 pump (A.230)
The equilibrium value of CMRO2 (mM s−1):
CMRO20 = J0P02 (A.231)





The BOLD signal change from its steady state value (-):
∆BOLD ≈ V0 (a1 [1− HbRN] + a2 [CBVN − 1]) (A.233)
Parameter Description Value
τMTT Mean transit time 3 s
τTAT Transient adjustment time constant 20 s
d Empirical relation between CBF and CBV 2.5
E0 Baseline O2 extraction fraction 0.4
V0 Resting venous blood volume fraction 0.03
a1 Weight for HbR change 3.4
a2 Weight for CBV change 1
Table 10: Parameters used in the BOLD signal extension to the NVU model.
a.6.3 Other modified equations
Fraction of free phosphorylated cross-bridges (-):
d[Mp]
dt
= χw (K4[AMp] +K1[M] − (K2 +K3)[Mp]) (A.234)
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Fraction of attached phosphorylated cross-bridges (-):
d[AMp]
dt
= χw (K3[Mp] +K6[AM] − (K4 +K5)[AMp]) (A.235)
Fraction of attached dephosphorylated cross-bridges (-):
d[AM]
dt
= χw (K5[AMp] − (K7 +K6)[AM]) (A.236)
χw Scaling constant for wall mechanics 1.7
Kdecayp Rate of decay of K
+ in PVS (∗) 0.15 s−1
a.7 model extension : extracellular electrodiffusion and as-
trocytic gap junctions
This model extension is described in Chapter 6 and schematic diagrams can be found in Figures
22 and 28. The following variables from the previous model version have been removed:
Rk,NKk ,NNak ,NHCO3k ,NClk ,NKs ,NNas ,NHCO3s , and NCls .
a.7.1 Modified equations
a.7.1.1 ODEs






(JKk − 2JNaKk − JNKCC1k − JKCC1k) + JNEtoSC (A.237)






(JNak + 3 ∗ JNaKk − JNKCC1k − JNBCk) − JNEtoSC (A.238)








A.7 model extension : extracellular electrodiffusion and astrocytic gap junctions
K+ concentration in the astrocyte (µM):
dKk
dt
= −JKk + 2JNaKk + JNKCC1k + JKCC1k − JBKk (A.240)
Na+ concentration in the astrocyte (µM):
dNak
dt
= −JNak − 3JNaKk + JNKCC1k + JNBCk (A.241)




















Membrane potential of the astrocyte (mV):
dvk
dt
= γv(−JBKk − JKk − JClk − JNBCk − JNak − JNaKk − 2JTRPVk) (A.244)











Cl− concentration in the SC (µM):
Cls = Nas +Ks −HCO3s (A.246)






A.7 model extension : extracellular electrodiffusion and astrocytic gap junctions
Cl− flux through the Cl− channel (µM s−1):
JClk = GClk(vk − EClk) (A.248)
K+ flux through the K+ channel (µM s−1):
JKk = GKk(vk − EKk) (A.249)
Na+ flux through the Na+ channel (µM s−1):
JNak = GNak(vk − ENak) (A.250)
Na+ and HCO−3 flux through the NBC channel (µM s
−1):
JNBCk = GNBCk (vk − ENBCk) (A.251)
Cl− and K+ flux through the KCC1 channel (µM s−1):






Na+, K+ and Cl− flux through the NKCC1 channel (µM s−1):








K+ flux through the BK channel (µM s−1):
JBKk = GBKkwk (vk − EBKk) (A.254)
The flux of Ca2+ through the TRPV4 channel (µM s−1):
JTRPVk = GTRPVkmk(vk − ETRPVk) (A.255)











A.7 model extension : extracellular electrodiffusion and astrocytic gap junctions




















































VRsk Volume ratio between the SC and astrocyte 0.465
GKk Whole cell conductance of K
+ 6908 µM mV−1 s−1
GNak Whole cell conductance of Na
+ 227 µM mV−1 s−1
GNBCk Whole cell conductance of the NBC cotransporter 131 µM mV
−1 s−1
GKCC1k Whole cell conductance of the KCC1 cotransporter 1.73 µM mV
−1 s−1
GNKCC1k Whole cell conductance of the NKCC1 cotransporter 9.57 µM mV
−1 s−1
GBKk Whole cell conductance of the BK channel 10.3 µM mV
−1 s−1
GClk Whole cell conductance of Cl
− 152 µM mV−1 s−1
JNaKmax Maximum flux through the Na
+/K+ ATP-ase pump (∗) 2.37×104 µM s−1
eetshift Describes the EET dependent voltage shift (∗) 2 mV µM −1
v4 Measure of the spread of w∞ (∗) 8 mV
v5 Determines the range of the shift of w∞ as Ca2+ varies (∗) 15 mV
v6 Shifts the range of w∞ (∗) −55 mV
v1,TRPV TRPV4 channel voltage gating constant (∗) 120 mV
v2,TRPV TRPV4 channel voltage gating constant (∗) 13 mV
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A.7 model extension : extracellular electrodiffusion and astrocytic gap junctions
a.7.2 Tissue slice model
a.7.2.1 ODEs
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A.7 model extension : extracellular electrodiffusion and astrocytic gap junctions
















































Dgap Astrocytic gap junction diffusion coefficient 3.1× 10−9 m2 s−1
∆x2 Width of one NVU block 1.24× 10−4 m
DK,e Extracellular K+ diffusion coefficient 3.8× 10−9 m2 s−1
DNa,e Extracellular Na+ diffusion coefficient 2.5× 10−9 m2 s−1
Table 11: Parameters of the astrocytic gap junction and extracellular electrodiffusion extension in the large
scale tissue slice model.
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